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Abstract

The feedback control problem for microelectromechanical (MEM) relays is compli-
cated by a quadratic nonlinearity in the dynamic model. We show that this nonlinearity
imposes constraints on the reference trajectories that can be tracked, and on the global
convergence rate of the tracking error. Using a dynamic model that is applicable to
both electrostatic and electromagnetic MEM relays, we introduce a new class of non-
linear tracking controls. In particular, we use Lyapunov theory to construct a state
feedback that yields uniform global asymptotic stability and arbitrarily fast local ex-
ponential convergence of the tracking error. We then show how our control can be
redesigned with partial-state feedback under the assumption that only the movable
electrode position and the electrical state (i.e., charge or flux) are fed back. Finally,
we utilize input-to-state stability theory to quantify the robustness of our state feed-
back controller to parametric uncertainties. Our simulation results illustrate the good
stability and tracking performance of the proposed control. They also illustrate how
to craft a reference trajectory that satisfies the aforementioned constraints while being
compatible with a typical relay operation.

Key Words: MEM relays, nonlinear control, Lyapunov theory, input-to-state
stability, observer

1 Introduction

Relays are used in a variety of industrial applications to open or close the connection in an
electric circuit. Traditional mechanical relays, although large, slow, and noisy, are still widely
used in various industrial control processes. Solid-state relays have much longer lifetimes,
faster response, and smaller sizes than mechanical relays. However, solid-state relays have
low off-resistance and high on-resistance, resulting in high-power consumption and poor
electrical isolation. Design trade-offs for reducing their on-resistance tend to increase output
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capacitance, which introduces additional problems in applications involving the switching of
high-frequency signals [18].

Microelectromechanical systems (MEMS) technology has created opportunities for de-
veloping new types of signal and power relays [18]. Compared with solid-state relays, MEM
relays have the same advantages as mechanical relays, viz., lower on-resistance, higher off-
resistance, higher dielectric strength, lower power consumption, and lower cost. In addition,
by using MEMS technology to miniaturize mechanical relays, the problems of size and switch-
ing time are treated. Finally, micro-relays can be readily integrated with other electronic
components.

MEM relays are generally split into two categories based on their method of actuation:
electrostatic and electromagnetic [4, 5, 6, 7, 14, 18]. Relays consist of two circuits, a control
circuit and an output circuit. In electrostatic relays, both circuits share a pair of parallel
electrodes (one movable and one fixed) that act as a capacitor; see Figure 1 below. A
voltage applied across the two electrodes generates an electric field between them, which in
turn creates an attractive force between the electrodes. Once the electrodes come together,
the two contacts of the output circuit also come together, allowing for the flow of current and
closing the circuit. In electromagnetic relays, the control circuit consists of an electromagnet
whose magnetic force acts on a movable electrode situated above the fixed coil post; again
see Figure 1. The magnetic force attracts the electrode and closes the output circuit in the
same manner as the electrostatic relay.

Electrostatic Electromagnetic

Figure 1: MEM Relays Model

The more common actuation method for micro-relays is electrostatic [18]. This is mostly
due to difficulties in fabricating micro-size electromagnetic actuators. Another disadvantage
is that electromagnetic actuation requires larger current, which leads to larger power con-
sumption and larger heat generation. Nevertheless, [4] examines both actuation methods
in their ability to achieve micron and submicron precision in rapid motion, and concludes
that there is a strong case to be made in favor of magnetically-driven micro-actuators. See
[7, 18] for a more detailed literature review on the design and fabrication of electrostatic and
electromagnetic micro-relays.

Voltage-controlled MEM actuators exhibit an important nonlinear phenomenon called
pull-in [15]. Mathematically, pull-in is associated with a saddle-node bifurcation [10]. Pull-
in can be physically explained as follows. Suppose that the voltage across the MEM actuator
is incrementally increased from zero. At first, the (capacitive or magnetic) force will incre-
mentally pull the movable electrode downward with increasing voltage. When the voltage
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reaches a critical value, corresponding to an electrode displacement equal to 1/3 of the nom-
inal (zero-voltage) gap, the movable electrode suddenly ‘crashes’ into the bottom electrode.
In MEM relays, this problem is especially detrimental since they are necessarily operated
within the pull-in region of the gap when the relay closes [19]. Obviously, repeated occur-
rence of pull-in will eventually damage the micro-relay. From a control perspective, the
pull-in problem implies that MEM relays (as opposed to general MEM actuators) cannot
be operated in an open loop manner. That is, feedback control is required for the relay to
properly open and close without damage to the device.

Most MEM actuator feedback control work has been devoted to the electrostatic case. In
[10, 11, 12], partial-state feedback control strategies were proposed using position and charge
feedback along with a velocity observer. Control schemes based on differential flatness,
control Lyapunov functions, backstepping, and input-to-state stabilization were reported in
[20, 21]. A PD-type controller was developed in [3] for an electrostatically-actuated MEM
optical switch. In [19], it was shown that voltage-controlled electrostatic and electromagnetic
MEM relays have a common nonlinear dynamic structure. Using a generalized dynamic
model, [19] constructed two nonlinear state feedback control schemes: a Lyapunov-based
setpoint controller and a feedback linearization tracking controller.

In this paper, we introduce a new class of nonlinear feedbacks for voltage-driven electro-
static and electromagnetic MEM relays. We use Lyapunov theory to construct state feedback
and partial-state feedback tracking controllers. In the latter, we only assume that the mov-
able electrode position and the electrical state (i.e., charge or flux) are fed back since direct
and/or precise measurements of electrode velocity are often not possible [11, 12, 20]. In this
case, a model-based velocity observer is designed and incorporated into the feedback control.
Lastly, we exploit input-to-state stability (ISS) theory [16, 17] to analyze the robustness of
our state feedback controller to uncertainty in some of the system parameters. This makes
it possible to quantify the effects of parameter uncertainty on the tracking error, in terms of
an ISS overshoot.

The dynamic model of the MEM relay is presented in Section 2. The construction of the
state feedback tracking controller is given in Section 3. The proof of the tracking result is
presented in Section 4. Two extensions of our main result are presented in the following two
sections. Section 5 discusses the observer design, while Section 6 presents the robustness
analysis. A numerical simulation of the state feedback control is presented in Section 7. We
close in Section 8 with a summary of our work.

2 System Model

Electrostatic and electromagnetic micro-relays share the nonlinear dynamic model [19]

mẍ + bẋ + kx = αz2

βż + γ(g0 − x)z = u,
(1)

where

z =

{
q
φ

α =

{
1/ (2εA)
1/ (2µA)

β =

{
R
N

γ =

{
1/ (εA)
R/ (NµA) ,

(2)
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the first (resp., second) row in (2) corresponds to the electrostatic (resp., electromagnetic)
micro-relay, x is the position of the movable electrode such that x = 0 when it is in the
open position, m > 0 is the movable electrode mass, b > 0 is the squeezed-film damping
coefficient, k > 0 is the spring stiffness, g0 > 0 denotes the gap when the movable electrode
is in the open position, A is the movable electrode area, R is the resistance of the circuit,
and u = v with v being the input voltage. For the electrostatic micro-relay, q is the charge,
and ε denotes the gap permittivity. For the electromagnetic micro-relay, φ denotes the flux,
µ is the gap permeability, and N is the number of coil turns.

Remark 1. Equation (1) models the micro-relay dynamics when there is no contact between
the electrodes; i.e., x ∈ (−∞, g0). When contact occurs, we assume that the kinetic energy
of the movable electrode becomes zero so the dynamics is governed by βż = u and x ≡ g0.
That is, we assume that there is no bouncing of the movable electrode on the fixed electrode.
For a dynamic model that includes contact bounce, see [13].

3 Tracking Control Design

In what follows, all (in)equalities should be understood to hold globally unless otherwise
indicated, and we omit the arguments of our functions when they are clear. By Ck, we
will mean k times continuously differentiable. Consider a C3 function yd : [0,∞) → R that
admits constants m1,m2,m3,m4 > 0 such that

(a) m1 ≤ yd(t) ≤ m2, |ẏd(t)| ≤ m3, and |ÿd(t)| ≤ m4 ∀t ≥ 0, and

(b) m4 + κ2m3 < 0.9κ1m1

(3)

where κ1 = k
m

and κ2 = b
m

. Our objective in this section is to design a feedback u(x, ẋ, z, t)
that forces the electrode position x to track the reference trajectory yd. (See Section 5 for
stability results for cases where only x and z can be measured, and Section 6 for situations
where there is uncertainty regarding the values of the parameters of the model.) We require
u to be continuous in t and C1 in (x, ẋ, z). Moreover, we wish to choose u so that it stabilizes
x to yd with arbitrarily fast local exponential convergence.

Remark 2. The micro-relay control problem is usually set up as a regulation/setpoint prob-
lem; i.e., the command is a piecewise constant function that alternates the closing and open-
ing of the relay. In this work, we will construct tracking controllers since it gives one the
flexibility of selecting a reference trajectory that improves the micro-relay performance. For
example, one can choose a smooth trajectory that minimizes both the velocity of the movable
electrode as it approaches the fixed electrode during closing and overshoots during opening.
Our conditions (3) on the reference trajectory are a consequence of the structure of (1) as
we will show soon. In Section 7, we craft a reference trajectory that satisfies (3) while being
physically compatible with a typical MEM relay operation.

To make our control objective precise, consider the dynamics of Y = (e1, e2, ζ) where
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e1 = x− yd, e2 = ė1,

ζ(t) =
√

α
m

z(t)−Rµ(e1(t), e2(t), t),

Rµ(e1, e2, t) =
√

ÿd(t) + κ2ẏd(t) + κ1yd(t) + µ(e1, e2),
(4)

and µ is a C1 function that we will specify later that satisfies

|µ(e1, e2)| ≤ κ1m1

10
(5)

everywhere. Note that (3) and (5) yield

0 < R :=
√

0.9κ1m1 −m4 − κ2m3 ≤ Rµ(e1, e2, t) ≤ √
2κ1m2 =: R. (6)

In particular, we allow µ ≡ 0 in which case we write R0(t) instead of Rµ(e1, e2, t) since in
that case it does not depend on the eis. The change of feedback

u = γ (g0 − x) z + β

√
m

α
v1 (7)

and elementary calculations give the Y = (e1, e2, ζ) dynamics




ė1 = e2

ė2 = −κ1e1 − κ2e2 + µ(e1, e2) + ζ2 + 2ζRµ(e1, e2, t)

ζ̇ = v1 − 1
2Rµ(e1,e2,t)

{...y d(t) + κ2ÿd(t) + κ1ẏd(t) + µ̇}
(8)

where µ̇ is the time derivative of µ along the trajectories of (8); i.e.,

µ̇ =
∂µ

∂e1

(e1, e2)e2 +
∂µ

∂e2

(e1, e2)
[−κ1e1 − κ2e2 + µ(e1, e2) + ζ2 + 2ζRµ(e1, e2, t)

]
. (9)

We wish to show that for each constant L > 0, we can find µ ∈ C1 satisfying (5) and
a feedback v1 = v1(e1, e2, ζ, t) that is continuous in t and C1 in (e1, e2, ζ) (with µ and v1

depending on L in general) so that the following are true, in which KB3 is the closed ball of
radius K in R3 centered at the origin:

(S1) The system (8) in closed loop with v1 is uniformly globally asymptotically stable
(UGAS) to 0 [8].

(S2) There are constants K, K > 0 so that for all to ≥ 0, and for all trajectories Y (t) of (8)
in closed loop with the feedback v1 with initial values Y (to) ∈ KB3, we have

|Y (t)| ≤ Ke−L(t−to)|Y (to)| ∀t ≥ to ≥ 0. (10)

If these two objectives can be achieved for each constant L > 0, then we say that (7) stabilizes
x to yd with arbitrarily fast local exponential convergence. For any given constant a2 > 0
and R from (6), we also set

Γ = 16

[√
2

κ1

+ K

]2 (
1 + R

2
)

+ 1, where K = max

{
2,

2

κ1

,
2

κ2

+
(κ2 + a2)

2

κ1κ2

}
. (11)

The following theorem shows how our stabilization objectives can indeed be realized:
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Theorem 1. Let a1 and a2 be any given positive constants and set σ(s) = s/
√

1 + s2 and

µ(e1, e2) = −κ1m1

20

[
σ

(
20a1

κ1m1

e1

)
+ σ

(
20a2

κ1m1

e2

)]
. (12)

Then for any constant a3 for which

a3 ≥ 4

R

{
1 + Γ

(
1

κ1

+ 1

)}
{a1 + a2(1 + 2R + κ1 + κ2 + a1 + a2)}, (13)

the feedback

v1(e1, e2, ζ, t) = −a3ζ(1 + ζ2) +
1

2Rµ(e1, e2, t)
{...y d(t) + κ2ÿd(t) + κ1ẏd(t)} (14)

renders (8) UGAS to the origin. Moreover, for each constant L > 0, we can choose values
of the constants ai and K,K > 0 so that all trajectories of (8) in closed loop with (14) that
start in KB3 satisfy (10). Hence, (7) with the choice (14) stabilizes x to yd with arbitrarily
fast local exponential convergence.

Remark 3. An important byproduct of our proof of Theorem 1 will be the explicit construc-
tion of a strict Lyapunov function for the closed loop dynamics (8), namely,

V3(e1, e2, ζ) = V2(e1, e2) + ΓQ(ζ), where

V2(e1, e2) = e1e2 + KV1(e1, e2), Q(ζ) = 1
a3

(
1
2
ζ2 + 1

4
ζ4

)
,

V1(e1, e2) = 1
2
e2
2 +

∫ e1

0

{
κ1l +

κ1m1

20
σ

(
20a1

κ1m1

l

)}
dl,

(15)

Γ and K are defined in (11), and the constants ai > 0 will be chosen later. One advantage of
having Lyapunov functions is that they can often be used to quantify the effects of uncertainty
in the parameters in the model. For example, our Lyapunov approach can be used to give
tracking that is robust to small uncertainties on the parameters k and b from (1), in the
sense of input-to-state stability; see Section 6 below.

Remark 4. Theorem 1 remains true (with the same proof) if we replace σ(s) = s/
√

1 + s2

with any C2 function σ : R → [−1, +1] for which (I) σ(0) = 0, σ′(0) = 1, and 0 ≤ σ′ ≤ 1
everywhere and (II) s 7→ sσ(s) is positive definite. We made our particular choice of σ to
simplify the statement of the theorem.

Remark 5. The simpler feedback v1 = −ζ + {...y d(t) + κ2ÿd(t) + κ1ẏd(t)}/{2R0(t)} and the
choice µ ≡ 0 also render (8) UGAS to 0. To see why, note that the time derivative of the
proper positive definite function

Vo(e1, e2, ζ) = Ae2
1 + e2

2 + Be1e2 + C(ζ2 + ζ4), where

A = κ1 + Bκ2

2
, B = min

{
κ2,
√

κ1

}
, and C = max

{
1
κ2

+ B
4κ1

, 1
4

+ 16κ1m2

κ2
+ 4Bm2

}
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along the trajectories of [ė1 = e2, ė2 = −κ1e1 − κ2e2 + ζ2 + 2ζR0, ζ̇ = −ζ] satisfies

V̇o = −Bκ1e
2
1 + (B − 2κ2)e

2
2 + (2e2 + Be1)[ζ

2 + 2ζR0]− C(2ζ2 + 4ζ4)

≤ −Bκ1e
2
1 − κ2e

2
2 + {√κ2e2}

{
2√
κ2

(
ζ2 + 2ζR0

)}
+ B{√κ1e1}

{
1√
κ1

(ζ2 + 2ζR0)
}

−C(2ζ2 + 4ζ4)

≤ −Bκ1

2
e2
1 − κ2

2
e2
2 +

[
4
κ2

+ B
κ1

]
(ζ4 + 4ζ2R2

0)− C(2ζ2 + 4ζ4)

≤ −Bκ1

2
e2
1 − κ2

2
e2
2 − 1

2
ζ2,

where we applied the relation pq ≤ p2/2 + q2/2 to the terms in braces and (6). However,
this simpler feedback would not guarantee arbitrarily fast local exponential convergence. See
Section 4.2 for the proof that (14) leads to arbitrarily fast local exponential convergence, and
a discussion of the importance of this result.

4 Proof of Theorem 1

4.1 Proof of UGAS of Closed-Loop System

We show that (8) in closed loop with (14) admits the Lyapunov function (15) when the ais
satisfy (13). First consider the reduced (e1, e2)-subdynamics of (8) with µ defined in (12)
and ζ equal to zero; i.e.,

{
ė1 = e2

ė2 = −κ1e1 − κ1m1

20
σ

(
20a1

κ1m1
e1

)
− κ2e2 − κ1m1

20
σ

(
20a2

κ1m1
e2

)
.

(16)

The function V1 in (15) has the time derivative V̇1 ≤ −κ2e
2
2 along the trajectories of (16).

By properties (I)-(II) from Remark 4, the time derivative of T (e1, e2) = e1e2 along the
trajectories of (16) satisfies

Ṫ = e2
2 − κ1e

2
1 − κ1m1

20
e1σ

(
20a1

κ1m1
e1

)
− κ2e1e2 − κ1m1

20
e1σ

(
20a2

κ1m1
e2

)

≤ e2
2 − κ1e

2
1 +

{
(κ2+a2)|e2|√

κ1

} {√
κ1|e1|

}

≤
(
1 + (κ2+a2)2

2κ1

)
e2
2 − 1

2
κ1e

2
1,

(17)

by applying the general relation pq ≤ p2/2 + q2/2 to the terms in braces. Hence, along the
trajectories of (16), the time derivative of V2 from (15) satisfies V̇2 ≤ −W2(e1, e2), where
W2(e1, e2) = e2

2 + κ1e
2
1/2. Moreover, V2(e1, e2) ≥ Ke2

2/4 + Kκ1e
2
1/4 everywhere.

Since ∂V2

∂e2
(e1, e2) = e1 + Ke2, the time derivative of V2 along the solutions of the full

system (8) satisfies

V̇2 ≤ −W2(e1, e2) + ∂V2

∂e2
(e1, e2)

[
ζ2 + 2ζRµ(e1, e2, t)

]

≤ −W2(e1, e2) +
√

W2(e1, e2)
{[ √

2√
κ1

+ K
] [

ζ2 + 2R|ζ|]
}

≤ −1
2
W2(e1, e2) +

[ √
2√
κ1

+ K
]2

(ζ4 + 4R
2
ζ2) ,

(18)
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where we again applied the general relation pq ≤ 1
2
p2 + 1

2
q2. Recalling (9) and the fact that

|σ′| ≤ 1 everywhere, we get

1

2R
|µ̇| ≤ L(|e1|+ |e2|+ |ζ|+ζ2), where L :=

1

2R
{a1 +a2(1+2R+κ1 +κ2 +a1 +a2)}. (19)

Hence, the time derivative of Q from (15) along the closed loop trajectories of (8) satisfies

Q̇ ≤ −[ζ2 + ζ4 + ζ6] + 1
2Ra3

(|ζ|+ |ζ|3)|µ̇|
≤ −[ζ2 + ζ4 + ζ6] + L

a3
(|ζ|+ |ζ|3)(|e1|+ |e2|+ |ζ|+ ζ2)

≤ −[ζ2 + ζ4 + ζ6] + L
a3

(e2
1 + e2

2 + 2ζ2 + |ζ|3 + ζ4 + |ζ|5 + ζ6)

≤ −
(
1− 6L

a3

)
[ζ2 + ζ4 + ζ6] + L

a3
(e2

1 + e2
2)

≤ −1
4
[ζ2 + ζ4] + 1

8Γ
κ1e

2
1 + 1

4Γ
e2
2

(20)

by separately considering the cases |ζ| ≥ 1 and |ζ| < 1, and then using the general relation
pq ≤ 1

2
p2+ 1

2
q2 and the fact that a3 satisfies (13). Hence, our proper positive definite function

V3 from (15) satisfies
V̇3 ≤ −{W2(e1, e2) + ζ2 + ζ4}/4

and so is a Lyapunov function for the dynamics, proving the UGAS assertion of the theorem.

4.2 Proof of Arbitrarily Fast Local Exponential Convergence

The structure of the system dynamics (viz., the term z2 in (1)) is responsible for the con-
straint (5) on the feedback, and thereby on the closed-loop system performance. In particular,
this constraint restricts the global rate of convergence of the tracking error. Therefore, it is
desirable that the control, at least, yield arbitrarily fast local convergence. We prove that
this objective is achieved with the proposed feedback.

We first linearize (8) around 0 in closed loop with our feedback v1 to get



ė1l = e2l

ė2l = −(κ1 + a1)e1l − (κ2 + a2)e2l + 2ζ lR0(t)

ζ̇ l = − a2

2R0
[a1 + κ1]e1l − 1

2R0
(κ2a2 − a1 + a2

2)e2l − (a3 − a2)ζ l.

(21)

Set el = (e1l, e2l). Choose a1 = −κ1 + η2 and a2 = −κ2 + 2η, with η sufficiently large so that
a1 and a2 are positive. Consider the function Qa(el) = (η + η3/2)e2

1l + e2
2l/
√

η + e1le2l. When
η > 0 is sufficiently large, we have |el|2/(2√η) ≤ Qa(el) ≤ 3η3/2e2

1l + 2e2
2l everywhere. Hence,

along all trajectories of (21), we get

Q̇a = −η2e2
1l + (1− 4

√
η)e2

2l + 2
∂Qa

∂e2l

(el)ζ lRo(t) ≤ −1

3

√
ηQa(el) + 4||el||ζ l|R̄

for sufficiently large η. Therefore, the time derivative of Qb(e1l, e2l, ζ l) := Qa(el)+
1
2
ζ2

l satisfies

Q̇b ≤ −1
3

√
ηQa(el) + 4R|ζ l||el| − (a3 − a2)ζ

2
l

+ 1
2R0
|ζ l| [a2(a1 + κ1)|e1l|+ (κ2a2 + a1 + a2

2)|e2l|]
≤ −1

3

√
ηQa(el)− (a3 − a2)ζ

2
l + {2K ′|ζ l|} |el|

2
,

where K ′ = 4R + 1
R
{a2(a1 + κ1) + κ2a2 + a1 + a2

2}
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along the trajectories of (21). Applying the relation pq ≤ p2/2 + q2/2 with p = 2K ′|ζ l| and
q = |el|/2 and enlarging a3 and η as necessary, we can ensure that Q̇b ≤ − 1

12

√
ηQb along

the trajectories of (21). Moreover, |(el, ζ l)|2/(2
√

η) ≤ Qb(el, ζ l) ≤ 3η3/2|(el, ζ l)|2 everywhere
when η > 0 is large enough. The arbitrarily fast exponential stability assertion from the
theorem now follows from a standard linearization principle.

5 Observer Design

The controller from Theorem 1 requires precise measurements of ẋ which may not be available
in practice [11, 12, 20]. On the other hand, our methods can be adapted to design an observer
that regulates the errors e1 and e2 to zero, even if only x and z are available for measurement.
To see why, consider the observer

{ ˙̂e1 = ê2 + L1(e1 − ê1)
˙̂e2 = −κ1e1 − κ2ê2 − ÿd(t)− κ2ẏd(t)− κ1yd(t) + α

m
z2 + L2(e1 − ê1),

(22)

where the Lis are any positive constants for which L2 > 2L1(L1 + 8κ2). The system (22)
depends only on x, z, and yd. We continue to assume that yd admits constants m1, . . . , m4 > 0
satisfying (3). Defining ẽi = ei − êi for i = 1 and 2, defining µ and v1 as in (12) and (14),
and taking

v1 := v1(ê1, ê2, ζ̂, t) and µ := µ(ê1, ê2)

in (8) (for any constants ai > 0 satisfying the hypotheses of Theorem 1) easily yields the
system 




˙̂e1 = ê2 + L1ẽ1

˙̂e2 = −κ1ê1 − κ2ê2 + µ(ê1, ê2) + ζ̂
2
+ 2ζ̂Rµ(ê1, ê2, t) + (L2 − κ1)ẽ1

˙̂
ζ = v1(ê1, ê2, ζ̂, t)− 1

2Rµ(ê1,ê2,t)
{...y d(t) + κ2ÿd + κ1ẏd + µ̇}

˙̃e1 = ẽ2 − L1ẽ1

˙̃e2 = −κ2ẽ2 − L2ẽ1,

(23)

where ζ̂ =
√

α
m

z(t)−Rµ(ê1, ê2, t), Rµ is as defined in (4), and

µ̇ = ∂µ
∂ê1

(ê1, ê2)(ê2 + L1ẽ1)

+ ∂µ
∂ê2

(ê1, ê2)
[
−κ1ê1 − κ2ê2 + µ(ê1, ê2) + ζ̂

2
+ 2ζ̂Rµ(ê1, ê2, t) + (L2 − κ1)ẽ1

]
.

(24)

Set ê = (ê1, ê2). The fact that e1 and e2 are regulated to zero follows immediately from:

Theorem 2. The system (23) is UGAS to the origin. Moreover, by choosing the Lis and
ais to be appropriate constants, we can ensure that (23) is UGAS to 0 with arbitrarily fast
local exponential convergence.

Proof. Set Ṽ3(ê1, ê2, ζ̂) = V2(ê1, ê2) + ΓQ(ζ̂) where V2 and Q are from (15) and Γ is from
(11). By the argument of Section 4.1, the time derivative of Ṽ3 along the trajectories of (23)
satisfies

˙̃V3 ≤ −1
4
W2(ê1, ê2)− 1

4
[ζ̂

2
+ ζ̂

4
] + ∂Ṽ2

∂ê1
(ê1, ê2)L1ẽ1 + ∂Ṽ2

∂ê2
(ê1, ê2)(L2 − κ1)ẽ1

+Γ∂Q

∂ζ̂
(ζ̂)

[
− 1

2Rµ(ê1,ê2,t)

] [
∂µ
∂ê1

(ê1, ê2)L1ẽ1 + ∂µ
∂ê2

(ê1, ê2)(L2 − κ1)ẽ1

]
.

(25)
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By elementary calculations, one can determine a constant Ω1 > 0 such that

˙̃V3 ≤ −Ω2(ê
2
1 + ê2

2)− 1
4
[ζ̂

2
+ ζ̂

4
] +

{
Ω1|ẽ1|/

√
Ω2

}{|ê|√Ω2

}
+ Ω1|ζ̂ + ζ̂

3||ẽ1|
≤ −1

2
Ω2(ê

2
1 + ê2

2)− 1
4
[ζ̂

2
+ ζ̂

4
] + (Ω2

1/Ω2)ẽ
2
1 + Ω1|ζ̂ + ζ̂

3||ẽ1|
≤ −1

2
Ω2(ê

2
1 + ê2

2)− 1
8
[ζ̂

2
+ ζ̂

4
] + [(Ω2

1/Ω2) + 2Ω2
1] ẽ

2
1 + 83Ω4

1ẽ
4
1,

(26)

where Ω2 = min{1, κ1/2}/4 and we used the relations pq ≤ p2/2 + q2/2 for p, q ≥ 0,

Ω1|ζ̂||ẽ1| ≤ 2Ω2
1ẽ

2
1 +

1

8
ζ̂

2
, and {83/4Ω1|ẽ1|}{8−3/4|ζ̂|3} ≤ 83Ω4

1ẽ
4
1 +

1

8
ζ̃

4

where the last inequality is a special case of Hölder’s Inequality.
By our assumption that L2 > 2L1(L1 + 8κ2), the function

M(ẽ1, ẽ2) = L2

2
ẽ2
1 + 1

2
ẽ2
2 − L1

2
ẽ1ẽ2

is proper and positive definite. Moreover, using the relation pq ≤ 1
2δ

p2+ δ
2
q2 with p = 0.5L1ẽ1,

q = (L1 + κ2)ẽ2, and δ = L1/(2L2), one checks that M has the time derivative

Ṁ = −L1L2

2
ẽ2
1 −

(
L1

2
+ κ2

)
ẽ2
2 + {0.5L1ẽ1}{(L1 + κ2)ẽ2}

≤ −L1L2

4
ẽ2
1 −

(
L1

2
+ κ2 − L1

4L2
(L1 + κ2)

2
)

ẽ2
2

= L1

[
−L2

4
ẽ2
1 −

(
1
2

+ κ2

L1
− 1

4L2
(L1 + κ2)

2
)

ẽ2
2

]

along the trajectories of the (ẽ1, ẽ2)-subsystem of (23). Since L2 > L2
1, we get

−L2

8
ẽ2
1 −

1

4
ẽ2
2 ≤ L1

8
ẽ1ẽ2,

by the relation pq ≥ −p2 − 1
4
q2 with p = L1ẽ1/8 and q = ẽ2. Since L2 > 2L1(L1 + 8κ2), it

follows that

Ṁ ≤ L1

[
−L2

8
ẽ2
1 −

(
1
4

+ κ2

L1
− 1

4L2
(L1 + κ2)

2
)

ẽ2
2 + L1

8
ẽ1ẽ2

]

≤ −L1

4
M − L1

(
1
8

+ κ2

L1
− 1

4L2
(L1 + κ2)

2
)

ẽ2
2 ≤ −L1

4
M.

(27)

Since L1 can be freely chosen, it follows from the last inequality that one can obtain an
arbitrarily large rate of convergence for the variables ẽ1 and ẽ2 by choosing L1 sufficiently
large.

Moreover, elementary calculations provide a constant Ω4 > 0 such that the time derivative
of

V4 = Ṽ3(ê1, ê2, ζ̂) + Ω4[M(ẽ1, ẽ2) + M(ẽ1, ẽ2)
2]

along the trajectories of (23) satisfies V̇4 ≤ −1
2
Ω2(ê

2
1 + ê2

2) − 1
8
[ζ̂

2
+ ζ̂

4
] − ẽ2

1 − ẽ2
2. Since V4

is positive definite and radially unbounded, it is a strict Lyapunov function for the system
(23), which gives the UGAS of (23). Combining (27) with the arguments from Section 4.2
(using the Lyapunov function Qb + M for the linearization of (23) where Qb is from Section
4.2), we deduce that one can obtain arbitrarily fast local exponential convergence for (23)
using appropriate choices of the constants ai and Li.
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6 Robustness Analysis

Suppose now that the parameter k in (1) is not known with certainty. This situation can
be modeled by replacing k in (1) with k + εm, where k represents a nominal (or estimated)
value of the parameter, m is the electrode mass as before, and ε represents uncertainty. We
specify our admissible values of ε shortly. Our objective in this section is to quantify the
effects of ε on the performance of our feedbacks (see Remark 7 below for the analogous case
where there is uncertainty in the parameter b). For simplicity, we assume that ε is constant
but the general case where ε is time dependent can be handled by analogous arguments.
Replacing k with k + εm in the original model (1), changing variables as before, and taking
the feedback

v1 = −λ6ζ(1 + ζ2) +
1

2Rµ(e1, e2, t)
{...y d(t) + κ2ÿd(t) + κ1ẏd(t)} (28)

where λ > 0 is a constant we will specify below gives the Y = (e1, e2, ζ) dynamics




ė1 = e2

ė2 = −κ1e1 − κ2e2 + µ(e1, e2) + ζ2 + 2ζRµ(e1, e2, t)− ε(e1 + yd)

ζ̇ = −λ6ζ(1 + ζ2)− µ̇
2Rµ(e1,e2,t)

(29)

where µ is a function we choose later that will satisfy |µ(e1, e2)| ≤ 1
2
κ1m1 everywhere and µ̇

is now calculated along the e-subdynamics of (29). We wish to show that µ can be chosen so
that (29) is input-to-state stable (ISS) with respect to ε with arbitrarily small linear overflows.
The relevant definitions are as follows.

We say that (29) (with prescribed choices of λ and µ) is ISS with respect to ε provided
there exist functions β ∈ KL and ∆ ∈ K∞ so that all trajectories Y (t) of (29) for all initial
values Y (to) satisfy |Y (t)| ≤ β(|Y (to)|, t− to) + ∆(|ε|) for all t ≥ to ≥ 0.1 If ∆ has the form
∆(r) = γr for some constant γ > 0, then we call γ the overflow rate. The ISS condition
reduces to the standard UGAS condition when the uncertainty ε is zero, but it is far more
general because it quantifies the effects of ε in terms of the overshoot term ∆(|ε|). In
particular, ISS of (29) implies that the tracking error |e1(t)| = |x(t)− yd(t)| → 0 as t → +∞
with an overshoot that can be quantified to be small when ε is suitably small. We say that
(29) can be made ISS with respect to ε with arbitrarily small linear overflows provided we
can find β ∈ KL satisfying: For each constant γ > 0, we can choose our function µ and a
positive constant λ (both depending on γ) so that all trajectories Y (t) of (29) for all initial
values Y (to) satisfy |Y (t)| ≤ β(|Y (to)|, t − to) + γ|ε| for all t ≥ to ≥ 0. In other words, we
can choose the feedback to make the overflow rate γ as small as desired.

To prove our ISS properties, we use the Lyapunov function from Remark 5 except with
ζ set to zero; i.e.,

Ṽo(e1, e2) = Ae2
1 + e2

2 + Be1e2, where A = κ1 +
Bκ2

2
and B = min {κ2,

√
κ1} . (30)

1A function δ : [0,∞) → [0,∞) is positive definite provided δ(0) = 0 and δ(r) > 0 for all r > 0. A positive
definite function δ is of class K∞ (written δ ∈ K∞) provided it is strictly increasing and unbounded. A
continuous function β : [0,∞)× [0,∞) → [0,∞) is of class KL (written β ∈ KL) provided (a) β(·, t) ∈ K∞
for each t ≥ 0, (b) β(s, ·) is nonincreasing for each s ≥ 0, and (c) for each s ≥ 0, β(s, t) → 0 as t → +∞.
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By separately considering the cases B = κ2 and B =
√

κ1, we easily check the global
inequalities

ω1(e
2
1 + e2

2) ≤ Ṽo(e1, e2) ≤ ω2(e
2
1 + e2

2),

where ω1 = 1
2
min {κ1, 1} and ω2 = max{A, 1}+ B

2
.

(31)

To stipulate the necessary values of λ and ε, we also use the constants

θ = cω1

20(4+B2)
, c = min{Bκ1,κ2}

B+2max{A,1} , M = 1
θ
max

{
1, 4R

2
}

,

and L̃ = κ1m1

{
2(κ1[m1 + 1] + κ2 + 2R) + 3Bκ1m2 + 2m2 + 2 + B

}
,

(32)

where R is defined in (6) and the mis are from (3). We first assume that the uncertainty ε
satisfies

|ε| ≤ min
{

9Bκ1

20(B+1)
, 9κ2

20
, 2κ1m1

5m2

}
(33)

but see Remark 6 for ISS results under less stringent bounds on ε, and see Section 7 where
our bounds are computed explicitly. Our main robustness result is as follows:

Theorem 3. For each constant λ > 2 + 9L̃
R

( 1√
cω1

+ 1)(M + 1), the choice

µ(e1, e2) = − 9

20
κ1m1σ

(
λ

∂Ṽo

∂e2

(e1, e2)

)
(34)

with σ(s) = s/
√

1 + s2 renders (29) ISS with respect to uncertainties ε satisfying (33). In
fact, by choosing µ as in (34) and λ appropriately, we can make (29) ISS with respect to ε
with arbitrarily small linear overflows.

Proof. Arguing as in Remark 5, one easily shows that the time derivative of Ṽo along the
trajectories of {

ė1 = e2

ė2 = −κ1e1 − κ2e2 + µ(e1, e2)− ε(e1 + yd)
(35)

satisfies
˙̃V0 ≤ −Bκ1

2
e2
1 −

κ2

2
e2
2 +

∂Ṽ0

∂e2

(e1, e2) [µ(e1, e2)− ε(e1 + yd)] . (36)

From our condition (33) on ε, it follows that

∣∣∣∣∣
∂Ṽ0

∂e2

(e1, e2)εe1

∣∣∣∣∣ ≤
[
(B + 1)e2

1 + e2
2

] |ε| ≤ 9Bκ1

20
e2
1 +

9κ2

20
e2
2 . (37)

Combining (36) and (37), it follows that the time derivative of Ṽo along the trajectories of
(35) satisfies

˙̃Vo ≤ − c
10

Ṽo + ∂Ṽo

∂e2
(e1, e2)

[
− 9

20
κ1m1σ

(
λ∂Ṽo

∂e2
(e1, e2)

)
− εyd

]

≤ − c
10

Ṽo − 9
20

κ1m1

∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣ σ
(
λ

∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣
)

+ |εyd|
∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣ ,
(38)
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by our choices of c and σ and (31). Consider two cases:

1) λ
∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣ ≥ 9
4
. Then, since |σ(r)| ≥ 9

10
for |r| ≥ 9

4
, our condition (33) on ε and (38)

give
˙̃Vo ≤ − c

10
Ṽo − 81

200
κ1m1

∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣ + |εyd|
∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣ ≤ − c
10

Ṽo. (39)

2) λ
∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣ ≤ 9
4
. Then, since |σ(r)| ≥ r

4
for |r| ≤ 9

4
, the general relation pq ≤ 9

80
p2+ 20

9
q2

and (38) give

˙̃Vo ≤ − c
10

Ṽo − 9
80

κ1m1λ
∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣
2

+ |εyd|
∣∣∣∂Ṽo

∂e2
(e1, e2)

∣∣∣
≤ − c

10
Ṽo + 20

9κ1m1λ
y2

dε
2.

(40)

We deduce that, in both cases, we have

˙̃Vo ≤ − c
10

Ṽo +
20y2

d

9κ1m1λ
ε2 (41)

along the trajectories of (35).
Using the relation pq ≤ θp2/2 + q2/{2θ}, with p = 2|e2|+ B|e1| and q = ζ2 + 2|ζ|R, and

recalling our choice of R and the constants from (31) and (32), we can use (41) to get

˙̃Vo ≤ − c
10

Ṽo +
20y2

d

9κ1m1λ
ε2 + {2|e2|+ B|e1|}{ζ2 + 2|ζ|R}

≤ − c
20

Ṽo + 1
2θ

[
ζ2 + 2|ζ|R]2

+
20y2

d

9κ1m1λ
ε2 ≤ − c

20
Ṽo + M(ζ2 + ζ4) +

20y2
d

9κ1m1λ
ε2

(42)

along the trajectories of (29). Next note that our choice (34) of µ gives |µ| ≤ 9
20

κ1m1λ(2|e2|+
B|e1|) and

µ̇ = − 9
20

λκ1m1σ
′(λ{2e2 + Be1}) {Be2 + 2[−κ1e1 − κ2e2 + µ(e1, e2)

+ζ2 + 2ζRµ(e1, e2, t)− ε(e1 + yd)]
}

.

Since |ε| ≤ κ2, we readily conclude that |µ̇| ≤ λ2L̃(|e1| + |e2| + ζ2 + |ζ| + |ε|). Let U(ζ) =
(M + 1)

(
ζ4/4 + ζ2/2

)
. We can use the general relation pq ≤ 1

4
p2 + q2 and our lower bound

on λ to get the time derivative

U̇ ≤ −λ6(M + 1)[ζ2 + ζ4 + ζ6] +
{
λ3(|ζ|3 + |ζ|)}

{
|µ̇|(M+1)

2Rµ(e1,e2,t)λ3

}

≤ −1
2
λ6(M + 1)[ζ2 + ζ4 + ζ6] + (M + 1)2 L̃2(|e1|+|e2|+ζ2+|ζ|+|ε|)2

4λ2R2

≤ −1
2
λ6(M + 1)[ζ2 + ζ4 + ζ6] + 2(M + 1)2 L̃2(e2

1+e2
2+ζ4+ζ2+ε2)

λ2R2

≤ −1
4
λ6(M + 1)[ζ2 + ζ4 + ζ6] + c

40
Ṽo + 2(M+1)2L̃2

λ2R2 ε2

(43)

along the trajectories of (29). Let V = Ṽo + U . Setting

δ1 = min

{
c

40
,

1

1 + M

}
and δ2 =

20m2
2

9κ1m1λ
+

2(M + 1)2L̃2

λ2R2 ,
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and combining (42) and (43) gives V̇ ≤ − c
40

Ṽo + δ2ε
2− (ζ4 + ζ2) ≤ −δ1V + δ2ε

2. Integrating,
this gives

V (Y (t)) ≤ e−(t−to)δ1V (Y (to)) +
δ2

δ1

ε2 (44)

along all trajectories Y (t) of (29). Since

min {ω1, (M + 1)/2} |Y |2 ≤ V (Y ) ≤ max {ω2, (M + 1)/2} (|Y |2 + |Y |4)
everywhere, we can combine (44) and the general relation

√
r + s ≤ √

2r +
√

2s for r, s ≥ 0
to get

|Y (t)| ≤
√

2e−(t−to)δ1 max
{
ω2,

M+1
2

}

min
{
ω1

M+1
2

} (|Y (to)|2 + |Y (to)|4) + |ε|
√

2δ2

δ1 min
{
ω1,

M+1
2

} .

Since λ > 0 can be made as large as desired, the result follows.

Remark 6. The bound (33) leads to ISS with arbitrarily small linear overflows. If we merely
want to prove ISS of the closed loop dynamics (29) with respect to ε (without regard to the
particular choice of the overflow rate in the ISS estimate), then we can instead use the less
stringent bound

|ε| ≤ min
{

9Bκ1

20(B+1)
, 9κ2

20

}
. (45)

The proof of ISS with respect to uncertainties satisfying (45) proceeds as in the proof of
Theorem 3 up through (38), at which point we can apply the general relation pq ≤ δp2/2 +
q2/(2δ) for a small enough constant δ > 0 and the quadratic lower bound on Ṽo to obtain a
constant δ > 0 so that along the trajectories of (29),

˙̃Vo ≤ − c

20
Ṽo + {2|e2|+ B|e1|}{ζ2 + 2|ζ|R}+ δε2.

A slight variant of the argument used in (42) with a smaller choice of θ and a large enough
constant λ > 0 then gives

˙̃Vo ≤ − c

30
Ṽo + M(ζ2 + ζ4) + δε2.

The remainder of the ISS proof closely follows the rest of the proof of Theorem 3. Our
conclusion is that there exist β ∈ KL and a constant ∆ > 0 such that for all of the closed
loop trajectories Y (t) of (29) with µ as in Theorem 3 and λ large enough, and for all initial
times to ≥ 0, we have |Y (t)| ≤ β(|Y (to)|, t− to)+∆|ε| for all t ≥ to, provided the uncertainty
ε in (29) is constrained to satisfy the less stringent bound (45).

Remark 7. Analogous results apply when the uncertainty is instead in the parameter b from
(1). We model this situation by replacing b with b + εm in (1), where m is the movable
electrode mass and the unknown constant ε represents the uncertainty. Changing variables
as before, we get the transformed dynamics (29) except with ε(e1 + yd) replaced by ε(e2 + ẏd).
We then consider the corresponding reduced system

{
ė1 = e2

ė2 = −κ1e1 − κ2e2 + µ(e1, e2)− ε(e2 + ẏd)
(46)
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and define Ṽo in (30) as before. Let us now assume that the uncertainty satisfies

|ε| ≤ min
{

κ2

5
, 9κ1

20B

}
. (47)

Then the relation Be1e2 ≤ B2e2
1 + 1

4
e2
2 gives

∣∣∣∣∣
∂Ṽ0

∂e2

(e1, e2)εe2

∣∣∣∣∣ ≤
[
B2e2

1 +
9

4
e2
2

]
|ε| ≤ 9Bκ1

20
e2
1 +

9κ2

20
e2
2, (48)

so the time derivative of Ṽo along the trajectories of (46) satisfies

˙̃Vo ≤ − c

10
Ṽo − 9

20
κ1m1

∣∣∣∣∣
∂Ṽo

∂e2

(e1, e2)

∣∣∣∣∣σ

(
λ

∣∣∣∣∣
∂Ṽo

∂e2

(e1, e2)

∣∣∣∣∣

)
+ |εẏd|

∣∣∣∣∣
∂Ṽo

∂e2

(e1, e2)

∣∣∣∣∣ ,

by arguing as in the proof of Theorem 3. The remainder of the ISS proof is as in Remark 6,
using the fact that |ε| ≤ κ2 and a suitable choice of L̃. Hence, the dynamics in closed loop
with (34) are ISS with respect to uncertainties ε on κ2 = b/m that satisfy (47), provided the
constant λ > 0 is large enough. Similar results hold when there are two independent (but
suitably small) uncertainties, one on b and one on k. We leave the details to the reader.

7 Simulations

To demonstrate the efficacy of our methods, we simulated (1) in closed loop with the feedback
u from (7), v1 from (14), and µ given by (12). We took a1 = a2 = 1 and a3 = 100. We used
the model parameters k = 2.5, m = 1, b = 1, α = 0.5, β = 0.001, γ = 1, and go = 1, and the
C3 periodic reference trajectory

yd(t) = 0.01 + ε1 [I(500 + min{t, 50})− I(min{max{t, 450}, 550})
+I(max{t, 950} − 500)] for 0 ≤ t ≤ 1000,

yd(t) = yd(t− 1000) for t ≥ 1000,

(49)

where I(r) =
∫ r

450
(s− 450)3(550− s)3ds and ε1 = .99/I(550) = 1.386× 10−12. The function

in (49) is a smoothed version of a standard square wave with a 0.01 offset; see Figure 2 below.
This function mimics the periodic opening and closing of the relay. The conditions in (3)
are satisfied with m1 = 0.01, m2 = 1, m3 = 0.0216, and m4 = 0.00074386, so R = 0.01249
and R =

√
5.

For the initial value (x, ẋ, z)(0) = (0, 0, 10), we obtained the simulation in Figure 3 for
the error e1(t) = x(t)−yd(t). Figures 4-5 show the control signal u in its transient and steady
states, respectively. Our simulation illustrates the rapid convergence of the tracking error
to zero. The convergence also enjoys highly desirable robustness properties with respect to
uncertainties on the parameters b and k. In this case, the bound in (45) is 0.45, so the
convergence is ISS with respect to additive uncertainty ε on k, provided |ε| is constrained
to be below 18% of the nominal value k = 2.5. Moreover, the bound in (47) is 0.2, so the
convergence is ISS with respect to uncertainties ε on b that stay below 20% of the nominal
value b = 1.
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Figure 2: Smoothed Square Wave

8 Conclusions

In this paper, we designed a class of nonlinear tracking controllers for electrostatic and elec-
tromagnetic MEM relays. Explicit conditions on the reference trajectory were established,
which were later shown to be compatible with the typical, alternating on-off operation of the
relay. State and partial-state (i.e., no velocity measurement) feedbacks were constructed us-
ing Lyapunov theory. Further, ISS tools were used to quantify the robustness of the controls
to parametric uncertainty. Although the structure of the relay dynamics prevents one from
designing tracking control laws that yield global arbitrarily fast exponential convergence
of the tracking error to zero, we showed that the proposed state feedback control enjoys
this property locally. A numerical simulation illustrated the good tracking performance of
the state feedback control for a smoothed periodic square wave, which mimics the repeated
opening and closing of the relay.
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