Further Results on Input-to-State Stability
for Nonlinear Systems with Delayed Feedbacks *

Frédéric Mazenc ®, Michael Malisoff ™!, Zongli Lin ¢

2Projet MERE INRIA-INRA, UMR Analyse des Systémes et Biométrie INRA, 2 pl. Viala, 34060 Montpellier, France

 Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803-4918

¢Charles L. Brown Department of Electrical and Computer Engineering, University of Virginia, PO Box 400743,
Charlottesville, VA 22904-4743

Abstract

We consider a class of nonlinear control systems for which stabilizing feedbacks and corresponding Lyapunov functions for
the closed loop systems are available. In the presence of feedback delays and actuator errors, we explicitly construct input-to-
state stability (ISS) Lyapunov-Krasovskii functionals for the resulting feedback delayed dynamics, in terms of the available
Lyapunov functions for the original undelayed dynamics, which establishes that the closed loop systems are input-to-state
stable (ISS) with respect to actuator errors. We illustrate our results using a generalized system from identification theory

and other examples.
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1 Introduction

Input-to-state stability (ISS) plays an important role in
modern stability analysis and controller design (see Son-
tag (1989, 2006) and Teel (1998)). The ISS paradigm
was introduced in Sontag (1989) and extended to delay
systems in the seminal paper Teel (1998), which gave
sufficient conditions for ISS using control ISS Lyapunov-
Razumikhin functions (ISS-LRF's). By contrast, Pepe &
Jiang (2006) gave sufficient conditions for ISS of delay
systems via Lyapunov-Krasovskii functionals (see Sec-
tion 2.1 for the relevant definitions and Section 3 for de-
tails on the known results). However, none of these works
provide general methods for explicitly constructing Lya-
punov functionals for feedback delayed dynamics.

In applications, it is often essential to explicitly con-
struct Lyapunov functions. For example, Lyapunov func-
tions for delayless systems & = f(z) can be used to
construct stabilizing feedbacks K (x) for which z(t) =
fz(t)) + g(x(t)) [ K (x(t)) + d(t)] is ISS with respect to
the actuator error d(t), under standard assumptions (see
Sontag (1989)). In Karafyllis (2006), Lyapunov function-
als were used to characterize robust global asymptotic
stability of nonlinear time-varying retarded systems. For
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certain classes of delayed systems, LRF's can be used to
construct stabilizing feedbacks as well. For example, see
Jankovic (2001), which also constructs the needed LRFs
in some cases.

With these observations in mind, we pursue a different
objective. We assume that we are given a time-varying
control affine system for which a stabilizing feedback u =
us(x,t) and a Lyapunov function for the corresponding
closed loop system

&= f(z,t) + gz, t)us(z,1) (1)
are known. We do not require (1) to be exponentially
stable. We introduce a vector of constant delays 7 =
(11,72, -+ ,Tn) with 7; > 0, in the feedback signal. We

then explicitly construct an ISS Lyapunov-Krasovskii
functional (ISS-LKF) for

£(t) = f(x(t),1) + g(2(t), )[us (& (1),1) + d(t)]  (2)
with &,(t) = (z1(t — 71),22(t — 72), -+ ,xn(t — 7)) and
0 < 7; < 7 for some bound 7 > 0 (see, e.g., Definition 2
and Nesic & Teel (2004) for applications where general
delays of this type such as different delays in the differ-
ent components of x are used). Our ISS-LKF construc-
tion implies that (2) is ISS with respect to the actua-
tor error d(t). The ISS-LKF we construct is an explicit
formula involving the known Lyapunov function for (1).
Therefore, while the known results largely concern con-
structing feedbacks that achieve stability and with build-
ing LRF's (or sufficient conditions for stability), here we
address the complementary problems of (a) quantifying
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the effects of introducing feedback delays and actuator
errors on the stability performance of given feedbacks and
(b) explicitly building corresponding ISS-LKFs (but see
Section 3 for a comparison of our work with Fan & Ar-
cak (2006), Pepe & Jiang (2006), and Teel (1998)).

In Section 2, we provide the relevant definitions and no-
tation and state our main result. We provide a detailed
comparison of our work with the known stability results
in Section 3. We prove our main theorem in Section 4.
We extend our results to cascades in Section 5. In Sec-
tion 6, we apply our results to dynamics from identifica-
tion theory and to other examples. We close in Section 7
with a brief concluding remark. We include some of the
technical details and extensions in the appendices.

2 Preliminaries and statement of main result
2.1 Definitions and assumptions

Let K denote the set of all continuous, strictly in-
creasing and unbounded functions p : [0,00) — [0, 00)
with p(0) = 0. Let KL denote the set of all continu-
ous functions 3 : [0, 00) x [0,00) — [0, 00) satisfying (1)
B(-,t) € K for each t > 0, (2) B(s, ) is non-increasing
for each s > 0, and (3) B(s,t) — 0 as t — +oo for each
s > 0. Given ¢ : Z — RP, defined on an interval Z, let
|¢|z denote its (essential) supremum. Let | - | denote the
usual Euclidean norm (or the induced matrix norm).

A function V' : R™ x [0, 00) — [0, 00) is called (uniformly)
proper and positive definite provided there are a, & € Ko
such that a(|z|) < V(z,t) < a(]z|) for all z € R™ and
t > 0. When we say V is C', we understand its partial
derivatives at ¢ = 0 to be one-sided derivatives. Let C,, (7)
denote the set of all continuous R™-valued functions on
any interval Z, with the locally uniform topology.

Consider a general delayed control system (2) with con-
stant 7, € (0,7], f(0,¢) = 0, u(0,t) = 0, and d €
L5°([0,00))(=all measurable essentially bounded func-
tions [0, 00) — R™) being an actuator error. We refer to
the constant vector 7 € (0, 7]™ as a vector feedback (time)
delay. We stipulate 7 later, although in many cases of
interest, the bound 7 can be raised to an arbitrary large
positive constant (see Remarks 4 and A.4 below). Given
constants t, > 0, 7 € (0,7]", 2, € Cn([to — T, 10]), and
d € L2(]0,00)), consider the initial value problem

&(t) = f(x(t),t)+g(x(t), 1) [u(& (1), 1) +d(t)]

(IP)
Vit > t, a.e. and z(r) = z,(r) Vr € [to — T, o) -
The assumptions we make below imply that (2) has
globally well defined solutions, i.e., for all choices of
to > 0,7, 2, € Cp[to — 7, 10]), and d € L2(]0,0)),
(IP) has a unique solution t — x(t;t,,x,,d, 7) defined
on [t, — 7,+00) (see Assumption H and Appendix
A1 below). We then call z, the initial function for
t — x(t;to, To,d, 7). When (2) has globally well defined
solutions, we denote x(t; t,, T,, d, 7) simply by (¢) when
to, To, d, and 7 are clear. We extend the functions z(t)

to R by setting x,(t) = x,(t, — 7) for t <t, — 7.

The following generalize the ISS notions from Sontag
(1989) and Sontag & Wang (1995) to delayed systems
(see also, e.g., Pepe & Jiang (2006)). The first definition
is unchanged if |d|,, . is replaced by |d|so-

Definition 1 Assume that (2) has globally well de-
fined solutions. Given a vector delay 7 € (0,7]", we
call (2) (uniformly) input-to-state stable (ISS) provided
that there exist 3 € KL, v € Koo such that for all
d € L3(]0,00)),

[2(t5to, 2oy d, T)| < B(|@oli,—7,2]5 T — o) +(Idlt, 1)
forallt, >0, x5 € Cr([to — T\ to]), andt > t,.

Let T be a positive real number and « be a positive
integer. For a given ¢t > 0, x4(-) denotes the restriction
of z(-) to the interval [t — k7,t] translated to [—x7T,0],
ie., 24(0) = x(t +6) for all 6 € [—xT,0].

Definition 2 A continuous functional U : C,(R) x
[0,00) — [0,00) is called an ISS Lyapunov-Krasovskii
functional (ISS-LKF) for (2) provided for all T € (0, 7]™
and all trajectories x(t) := x(t;ty,xo,d,T) of (2), the
function t — Ul(xy,t) is locally absolutely continuous
and there exist functions a; € Koo for i = 1,2,3,4
and k € N such that for all ¢ € C,([—~7T,0]), all
trajectories x(t) of (2), and all t > t, + KT, we
have (i) ax(19(0)) < U(6,8) < as(idl[-nre) and
(ii) the time derivative DyU(xt,t) of U(xy,t) satisfies
DU (z4,t) < —az(U(x,t)) + cu(|d], 4) a-e..

Our assumptions will guarantee that if (2) admits an
ISS-LKF, then it is ISS (see Appendix A.1 below).

2.2 Statement of main result

Set F(x,t,us) = f(x,t) + g(x, t)us(z,t). Consider (2)
with d € £22([0,00)) an unknown disturbance, 7
(0,7]", and f : R™ x [0,00) — R™, g : R™ x [0, 00)
R™ ™ and us : R™ x R — R™ satisfying:

H The function u, is C' and us(0,¢) = 0, and f and g
are locally Lipschitz. Also, there exist a 0 € K for
which o(r) < for all > 0, a C! uniformly proper
and positive definite V' : R™ x [0, 00) — [0, 00); pos-
itive constants L and K, and K; > 0 (i = 2,3,4)
such that for all x € R™, g € R™, and [ > 0, we have:

H1 Vi(z,1) + Vi(z, ) F(z,1,us) < —o2(y/n|z]).

H2 |Va(z,D)g(x, )| < Kio(Jz]), |G (2,1)] < L.

H3 |f (2, )| < Kz0?(J2]), |9(z,1)|" < Ka(o(a]) +1).
H4 [jg(w, 1)lus(a,D))* < Kalo(|z]) + o2 (|a])]-

Assumption H allows many cases where (1) is a stable
linear system with bounded ¢ (using a quadratic Lya-
punov function), as well as cases where the closed loop
system is not exponentially stable or ¢ is unbounded (see

Section 6.2 below). In what follows,
0.49
T== ) (3)
LK V2K, +8K4+0.25

but see Remarks 4 and A.4 for larger delay bounds.
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Theorem 3 Under Assumption H and with T in (3),
the feedback delayed system (2) with any T € (0,7, in
closed loop with the feedback us, admits the ISS-LKF

Uz, t) = V(x(t),t)
i e (S oA (Vale@Dar) dr
and therefore is ISS.

Remark 4 Often, T can be raised to an arbitrarily large
positive constant. For example, if (2) satisfies Assump-
tion H with V; = 0 and f = 0, then for any constant
n € (0,1), Assumption H also holds if we replace us, L, o,
K1, and K3 with nus, nL, n*?c, K1/n'?, and K3/n"?,
respectively. Plugging into (3) and taking n arbitrarily
small makes (8) arbitrarily large. Our control affineness
assumption can be relazed as well (see Remark 6 below).

(4)

Remark 5 Growth restrictions on f and g are required.
Indeed, the following system, evolving on R?,

i1(t) = —x1(t) + 21 (t)xa(t),  @o2(t) = u(z(t — 7)),

with T being a nonnegative scalar delay, is globally asymp-
totically stabilized by the feedback u(x) = —x9 — 3 when
7 =0, and V(z) = |z|? is a Lyapunov function for the
corresponding closed-loop system. However, this system
is not globally asymptotically stabilizable by any contin-
uwous u(xz(t — 7)) for any constant 7 > 0 (see (Mazenc &
Bliman, 2006, Appendiz 1)).

3 Comparison with the literature

Much of the delay systems literature uses (control)
Lyapunov-Razumikhin functions (LRFs) (see Jankovic
(2001)). ISS-LRF's were used by Teel (1998) to give suf-
ficient conditions for nonlinear delayed systems to be
ISS. Using LRFs, one can build stabilizing feedbacks
for some control affine systems, and the stability of the
closed loop dynamics enjoys some robustness relative to
unmodeled dynamics (see Jankovic (2001)). LKF meth-
ods can be viewed as generalizations of Razumikhin
methods and have been used to give sufficient condi-
tions for ISS as well (see Pepe & Jiang (2006)). Michiels
et al. (2002) uses Lyapunov techniques to study delayed
partially linear systems. For delayed linear systems, sta-
bilizing feedbacks can often be built using linear matrix
inequalities (see, e.g., Fattouh et al. (2000), Niculescu
(1998), and Tarbouriech & da Silva, Jr. (2000)).

Our approach differs from these earlier works in our ex-
plicit construction of LKF's and our use of ISS to quantify
the effect of introducing feedback delays and actuator
errors into a priori stable closed loop nonlinear dynam-
ics. Moreover, we allow undelayed closed loop dynamics
that are not necessarily exponentially stable, and our
results lead to new stabilizing feedbacks that guarantee
ISS of cascades (see Section 5 below). The results Fan
& Arcak (2006) and Teel (1998) lead to an ISS small
gain approach for proving robustness to feedback delays.
However, Fan & Arcak (2006) and Teel (1998) do not
include our results. For example, they do not explicitly

construct ISS-LKF's. See also Section 6.2 for an example
covered by our results which is beyond the scope of Fan
& Arcak (2006).

The work Pepe & Jiang (2006) assumes the availability
of a Lyapunov-like functional for the delayed dynam-
ics, which we do not require here. The ISS-LKFs we
construct are explicit expressions involving the available
Lyapunov functions for the original undelayed dynam-
ics. Our hypotheses correspond to cases where a feed-
back is known to stabilize an undelayed system but the
state that is observed by the feedback in the implemen-
tation has a small unknown delay. It is desirable to find
conditions under which the feedback continues to stabi-
lize the system when feedback delays or actuator errors
are introduced, which our work provides.

4 Proof of Theorem 3

In what follows, all inequalities and equalities should be
understood to hold globally unless otherwise indicated.
Consider the dynamics (2). From Assumption H1,

Vo= Vi(x(t),t) + Vo F((t), t,us) + Vag(a(t), t)d(t)
+Vag(@(t), )[us (& (2), 1) — us(z(t), 1)]
—a*(Valz(t)]) + |Vag(2(t), )] [d(t)]

+ [Vag(@(t),t)] us(&(2),t) — us(x(t), 1))

along any trajectory x(t) := z(t; to, o, d, 7) of (2), where
we omitted the argument (x(t),t) of V. From Assump-
tion H2 and the relation wz < w?/(26) + 62%/2 with
w = o(y/n|z]), and with 6 = 8 and then § = 2, we get

V < —a?(ynlz(t)]) + Kio(|z(t)])]d(t)]
+EK 1 Lo(|lz(t)) & (1) — (1))
< =g (Vnlz(t)]) +4K7|d()]?
FRTL2E(t) — 2 ().

IN

Jensen’s Inequality and the fact that ; < 7 for all 7 give

&) — a2 = S, (J1, atrar)”
< ST, #)dr < 7 [ Jar)Pdr
for each t > t, + 27. From Assumptions H3-H4,
) < 21112 + 2 gl (€ (r), ) + ()
< 2K30% (| (r)|) + 4K4(o?(|z(r)]) + * (& (1)) (7)
+4EK;(o(|z(r)]) + 1)ld(r)]?

where we omitted the arguments (z(r), r) from f and g.
By the relation wz < w?/4 + 22 with w = o(|z(r)|) and
z = 4K3|d(r)|?, we conclude from (7) that

l&(r)? < (2Ko + 4K4 4 0.25)02(|z(r)])
+HAK 402 (16 (r)]) + 16KZ|d(r)|* + 4K 3]d(r)|?
< (2K3 + 4K4 + 0.25)02(|z(r)|) + 16K2|d(r)[*
+A4K 0% (y/nmax; |2 (r — 7;)|) + 4K3|d(r)|?.

(6)



Set O(r) = 4K3(4K3 + 1)(r* + r?). Since 7; < 7 for all
1, it follows that for all ¢t > t, + 27, we get

I Tlx r)Pdr < [ (2K + 4Ky + 0.25)0%(|(r)])dr
+ft_% 4K40% (nmax; |x;(r — 7;)])dr + 70(dy, 4)
< [ _(2K> +4K4+0 25)02(|2(r)|)dr
+4K4ft 27 02 (Vnla(r)]) dr + 7O(dy, 4)
< [ 2K2+8K4+0.25) 2(ynla(r))dr+70(dy, 4)-
Combining this inequality, (5), and (6) yields
—g0%(Vnle(t)]) +4K7|d(t) [P+ L K720(dy, 1)
FLPKE [ (2K2+8K440.25)0% (/| (r)|)dr

Set R(7) = L?K?7(2K, + 8K4 +0.25) — 1/(47) and
ay(r) = L2K?7 2@( )+4K?%r2. Our bound (3) on 7 gives
R(T) < —1/(128?) By our choice of ay, our bound on
R(7), and the fact (cf. Mazenc et al. (2006)) that
d
dt

S flo mmondzdr
= 2702 (valz(t)]) — Ji_y, o (vrla(l)])d

we deduce that when ¢t > t, + 27, U from (4) gives
U< —20%(\/nlz|) + AKE|d]* + Lo?(Vn|x])

(®)

FL2K [, ( 2K2+8K4+i)02(\/ﬁlx( ))dr
+L2K3P20(dy, 1) — 2= Ji_pr o2 (Vlz(D)dL  (9)
< 30 (Vale)) = i fir o(Vla(r)])dr

Fau(|dly,,q) YVt >t, + 27,
where we omitted the argument ¢ from = and d.

Since 0 € K and V is proper and positive definite,
we can eamly find v € K such that v(s) < s for all
s > 0and, 202(y/n|z|) > y(V(x,t)) for all z and ¢. Since
v(s) <s for all s >0, the relation v(a+b) < v(2a) +2b
(for a,b > 0) with a = V(x(¢),t)/2 and (9) give

U < = (3{V@®).0) + o J o o201} )
Fau(ldle, 4)
—a3(U(wg,t)) + aq(|dlp, ), V>t + 27,

where as(s) := v(s/{1287+2}). Hence (ii) from the ISS-
LKF definition holds with k = 2. To check (i) from the
ISS-LKF definition with k = 2, we first choose o, & €
Koo so that a(|z]) < V(x,t) < @(|x|) everywhere. Given
¢ € Cn([—27,0]) and ¢ > 0, the function s — z(s) :=
¢(s — t) satisfies z; = ¢. Hence,

a(|¢(0 )I) < Vix(t),t) < U(g,t)
< V(@(t),0) + J; 5, o (Vale(ODdl < az(|@l-27.0)

where a; = a and as(s) = a(s) + 2702 (\/ﬁs) Thus, U
is an ISS-LKF for (2). Hence, (2) is ISS by Remark A.2.

Remark 6 We can extend Theorem 3 to cover systems
that are not control affine, e.g., La(t) = f(z(t),t) +
g(x(t), )X (us(&-(8),t) + d(t)) where X : R™ — R™ is
globally Lipschitz (e.g., saturation) if we change Assump-
tion H1 to Vi(z, 1)+ Vo (z, D[ f(x, 1)+ g(x, )X (us(x,1))] <

I /\

—a(y/n|z|)2. The proof is as before except we add and
subtract Vyg(x(t),t)E(us(x(t),t)) at the start to get
DV < —o*(vnla(t)]) + B|Va(w,)g(x(t), )[{|d(t)] +
lus(&-(t),t) — us(x(t),t)|}, where B is a Lipschitz con-
stant for 3.

5 Extension to cascades

We extend Theorem 3 to cascades of the form

o(t) = fx(t) + g(x(t))2(t),

2(t) = u(z(t = 27),x(t — 7), 2(t — 7)) + d(1),
evolving on R" xR with d € £5°(]0, 00) and constant de-
lay 7 > 0. We assume that the z-dynamics (with ficti-
tious input z) satisfies Assumption H for the case where
the vector fields, feedback, and Lyapunov function are
time independent. Let u, : R® — R™ and the constants
L,Kqi,Ks,..., K, be as in Assumption H. Mazenc &
Bliman (2006) designed stabilizing controls for a family
of delayed systems that includes (10), but those control
laws do not yield ISS. Here we show that a suitable u
renders (10) ISS, i.e., there are 8 € KL and v € K such
that for all ¢ > t, > 0, all sufficiently small delays 7 >
0, all d € £3°([0,00)), and all trajectories (x,z)(t) :=
(x(t;to, (To, 20), d, T), 2(t; 0, (%o, 20), d, 7)) of (10),

(@, 2) ()] < B(I(2, 2)it,—r.a1 t—t0) +¥(Ilt,01)  (11)

with the convention that the initial functions (z,, z,) €
Cr+1([to — 27,1,]) are constant on [t, — 27,1, — 7).

(10)

Corollary 7 Let Assumption H (with time invariant f,
g, and us) hold for & = f(x) + g(x)us(x). Set

7. :=min{1/V8,7}, Z(t) := z(t) — us(z(t — 7)), (12)

where T is defined in (3). Then for each constant delay
T € (0,7, the dynamics (10) is ISS when we choose

w(z(t —27),2(t—71),2(t — 7)) =—Z(t —7)+
Qs (z(t—7)) [f(@(t—7)) +g(2(t—7))2(t—T)].

Let us sketch the proof of the preceding result. Set ¢ =
(z,Z). Note that (13) transforms (10) into

q(t) = F(qt)) + G(gt)[Us(q(t — 7)) + D(t)]  (14)
where U (q) = (us(x), 2)T, D(t)=(0, —d(t))7,

Flg) = (f(fﬂ) Jrog(x)Z), and G(q) = (g(ox) (1))

The proof of Theorem 3 provides an ISS-LKF U (x;) and
as € K such that along the trajectories (14),

U < —as(U(xy)) + 4K2Z2(t) as)
FI6L2K?Ky7 [ [K3Z4(1) + Z22(1)] I
for all t > tg + 27 and all 7 € (0,7]. The relation ab <
%az + %bQ and Jensen’s Inequality give
2010~ 207 =
fttT (r—m7)dr+ Z(t ft (16)
1Z2 )+ Z ftzZQ Ydr + Z (¢ ftT

(13)



since Z(t) = —Z(t — 1) + d(t). Consider the functionals

M(Z) =122 +7 [, [ Z()didr,
P(d,t) = A(1+7)IdP, . Ql(Zt)—4M(Zt)+4M2(Zt)
and Q2(Z;) = Q1(Zy)+ 16ft o fr D2+ Z(1)*)didr.

One can easily prove that the derlvatlve of M along the
trajectories of (14) for all ¢ > to + 27 satisfies

M = Z(H)[Z(t) — Z(t — )] — [1 — 272 Z%(¢)
—r [, Z2()dl + Z(t)d(t)

12( -1 ; o, Z(r)2dr + Z(t)d(t)

(t) J, d( < —M/4+T(d,t),

where we applied ab < a2/16 +4b? with a = Z(t) twice,
(16), 7 < 1/4/8, and Jensen’s Inequality.

From this and ab < a?/4+b? with b = M, one easily gets
O1 < ~32(0)° = 12(t)* + 4T(d, 1) + 16T2(d, 1) (18)
for all ¢t > tg + 27. The estimate (18) easily gives

(17)

Q2 < —3Z(t)? - LZt)* — & [, (Z()* + Z()*)dl

+au(|d|[t0,t])a vt > tO +27and T < Tes

where oy, (1) = 16(1 + 72)2(r2 + r4). From (15), we can
then determine a constant C' > 0 and «, € K4, such that
the time derivative of Ug(x¢, Zy) = U(xs) + CQ2(Zy)
satisfies

Uf < —Oza(Uf(.Tt, 7)) + C’au(|d|[t0’t]) vVt > tg + 27.
By viewing Z as a disturbance in the z-dynamics, one
can find Q@ € Ky such that |¢(t)] < Q|q|py_ro) +
Q|d| sy, 094+2m) for all t € [tg — 7, to + 27| and trajectories

q(t) of (14); see Appendix A.1 for similar arguments.
This gives (cf. Appendix A.l) an ISS estimate of the form

@ < 3 (lal, it —to) +3(0dl,0)  (19)

for all t > t,. Moreover, |z(t)| < |Z(t)| + L|z(t — )|, by
our choice (12) of Z. Therefore, for all t > ¢,, (19) gives

(@ 2)0F < 28 (la2 0t~ to)
+2L2ﬁc (|q| — ],max{(),t -7 — to})
+25(|d) e, .4) +2L%3(|d| i1, 07), B(s,7) == B(s,7)+se"

Substituting |q|2 _ < 2(1+L?)|(z,2)2, _,  intothe
preceding estimate glves (11) with

7(s) = {4(1 + L)7(s)}'/?
B(s,r) = {46(2{1 + L?}s%,7)
+4L253°(2{1 + L?}s% max{0,r — 7})}'/2.
6 Illustrations
6.1 An example from identification theory

Consider a dynamics (cf. Mazenc et al. (2006) and several
references contained therein)

= —m(t)m” (t)u (20)
in which m : R — R" is continuous and satlsﬁes |m(t)| =
1 for all ¢ € R and admits constants o’ € (0,1) and
B3',¢ > 0 such that

o'l < Lt+ém(7)mT(T)dT <pI, VteR. (21)
A Lyapunov function whose derivative along the trajec-
tories of (20) is negative definite is not obvious; no time
independent Lyapunov function has this property, be-

cause m? (t)r may be zero when x # 0. Fortunately,
(Mazenc et al., 2006, Lemma 12) gives:

Lemma 8 Let the function m(zﬁ) satisfy the preceding
conditions. Then, with k =1+ § + 1
P(t) = 6T + [ [m@m" () dids,  (22)

the function V (z,t) == T P(t)z satisfies V < —a/|z|?/2
along all trajectories of #(t) = —m(t)m™ (t)x(t). More-
over, |P(t)| < k + & everywhere.

L& and

Using Lemma 8, one checks that Assumption H holds
for &(t) = —m(t)m” (t)[u(& (1)) + d(1)] with u(z) = z,
o(r) =r(a//{2n})"/?, K1 = 2(2n/a’)?(k + &%), Ky =
2n/a/, L =1, K3 =1, and Ky = 0, so Theorem 3 gives:
Corollary 9 Let the preceding hypotheses hold. Choose
P as in (22) and T from (3). Then for all constants T; €
0,7], 2(t) = —m(t)mT (t)[¢-(t) + d(t)] has the ISS-LKF

Ulwr,t) = a7 () P()a(t) + & [, ( I |x(l)|2dl> dr
and therefore is ISS.

6.2 Further illustrations

Example 10 One easily checks that @ = ux®/(1 + 2?)
with x € R is not locally exponentially stabilizable by
any C* feedback u(z) (using e.g. (Khalil, 2002, Theorem
4.14, p.162)). However, it satisfies Assumption H with

V(z) = %302, o(r) =r?/V1+7r2 us(z) = —x,
L=K =1,Ky=0and K, = 2. Hence, by Theorem 3,

i(t) = — 2 w(t — 1) — d(t)] (23)

is ISS when 0 < 7 < 7 = 0.98/4/65. Moreover, Theorem

3 provides an explicit ISS-LKF. In fact, by scaling ug, we
can allow an arbitrarily large bound T (see Remark 4).

Example 11 The system & = u(1+22)'/2 on R has an
unbounded function g and satisfies Assumption H from
Appendz'x A.2 below with K1 = K4 = 1,

us(z) = —fo Wdl a(r) = —us(r), V(z) = %uﬁ(m)
and K2 =0 and so is tractable by Lemma A.3:

. o z(t—7)

#(t) = /1+22(t) [— ST i+ d(t)
is 1SS when 0 < 7 < 1/8. Moreover, we can again allow
an arbitrarily large delay bound (see Remark A.4 below

for details). Since g is unbounded, this example is not
covered by Fan & Arcak (20006).




7 Conclusions

We gave new explicit constructions of ISS Lyapunov-
Krasovskii functionals for delayed dynamics, in terms
of given Lyapunov functions for the corresponding un-
delayed dynamics. This led to general conditions under
which a time-varying delayless system with a stabiliz-
ing feedback remains ISS with respect to actuator errors
when time delays are introduced into the feedback.

APPENDICES
A.1 Explicit ISS estimate

Throughout the appendices, we assume the following
which automatically holds under our Assumption H:

A The functions f, g, and u are locally Lipschitz and
there exists a constant L > 0 such that for all x €
R™ and t > 0, we have (A1) |f(z,t)| < L|z|, (A )
l9(e. )| < L(|a| + 1), and (A3) |du, /(. 1)| < L

Lemma A.1 Let 7 > 0 be a given constant. Then, for
each k € N and 7 € (0,7]", there exists a Y r € Koo
(depending on k and 7) such that for all t, > 0, z, €
Cn([to — 7, to]), and d € L(]0,00)), the corresponding
solution t — x(t;t,, o, d, ) of (IP) above satisfies

|x(t;tovx07d7 T)| < ’7&,7’(|m0‘[t07‘7’7t0}) + ’?H,T(‘d‘[to,t])

for all t € [to,t, + k7). In particular, we have globally
well defined solutions.

To prove Lemma A.1, let t, > 0, 7 € (0,7]", z, €
Cn([to — T, 15]), and d € L52([0,00)) be given. Set 7 =
min; 7;. The existence of a unique maximal solution z(t)
of (IP) on some interval [t, — 7, %, + €) for some & > 0
follows from the classical theory applied with z,(t) and
d(t) viewed as the inputs. Moreover, Assumption A gives
(6(0)] < () {L+ L2 |6 (8)]+ LJd(t) [} -+ L6, (8) |+ L|d(t)|
for all t > ¢, for which x(t) is defined. Integrating up to
any such ¢ € [t,,t, + 7], applying Gronwall’s Inequality,
and setting D := L2|z,|,, 7., + L|d|z, 1 gives

lz(t)] < {|z(t,)] +tD}e (L4+L@olity 7,101+ L1l 11y,11)

on all intervals [t,,t, + t] C [to,t, + 7] for which the
solution is defined. A standard maximality and local ex-
istence argument now easily allows us to conclude that
z(t) is uniquely defined at least on [t,,t, + 7]. Taking
t = 7 in the above estimate and using e®*? < e2@ 420 —1
and ab < a? + b2 for a,b > 0 provides a v, € Ko such
that

2] < [ Elolir, s + #Lldle, ] €
{ 2L? 7'|fo|t0 Fto) +62L7|d‘t ,t] _1}
6
+(

IN X

Fito) _1)2 (Al)

+ (7Lld|p, 4)?
2L‘r|d\[to 1)

%ol it,—7.1,])° +( 227 o 1, -
( 2L7|d|(y,4 1)2
7_'7|d|[t 1€
< m@oli,—7.¢.1) +711(ldl e, 17)

for all t € [t,,t,+ 7], where L = 1+7L?. Repeating this
argument on [t, + 7,t, + 27] gives a 75 € Ko such that

lz(0)] < (|2, to+41) +r2(dl,.0) (A-2)

for all ¢t € [t, + 7,t, + 27]. Taking the supremum on the
left side of (A.1) over [t,, t,+ 7], substituting into (A.2),
and using the relation v2(a + b) < v2(2a) + y2(2b) for
a,b > 0 gives [o(t)| < 70([ole, ».)+75(1d] 1) for al
t € [to, to+27], where v3(s) = y2(s)+72(271(s)). Lemma
A.1 now follows by the obvious inductive argument.

Corollary A.2 If (2) satisfies Assumption A and ad-
mits an ISS-LKF, then it is ISS.

To prove this corollary, let U and the «;s be as in Defini-
tion 2. Take any trajectory z(t) of (2). Then s — x(s) :=
a5t (2a(s)) satisfies

Uzi,t) > x(ldloc) = DilU(2,t) < —a3(U(x,t))/2

for all t > t, + k7. Also, § :={t > t, + &7 : U(xy,t) >
X(|d|oo)} is a (possibly empty) interval which we denote
by Z. Hence, either (a) the left endpoint of Z is ¢, + k7
or (b) Uz, t) < x(|d|s) for all ¢ > t, + x7 (by the
argument from Sontag (1989)).

If case (a) occurs, then a standard comparison ar-
gument applied to Z > ¢t +— U(zy,t) and (i) in the
ISS-LKF definition (with ¢(r) = z(t + r) and then
o(r) = x(t, + KT + ) to get an upper bound) pro-
vide a 8% € KL so that U(xt,t) > x(|d|eo) = |2(t)| <
B (110 171, T — to) for all £ > ¢, + k7, which gives
2] < B (@l ersanst — to) + °(d]) for al
t > t, + KT, where v¢ := aj ' o x. Hence, for all trajec-
tories 2(t), [2(0)] < A espust — to) + 7 (d]0)
for all t > t,, where §%(s,r) = [%(s,r) + se7".
Lemma A.1 provides a 7., € Ko so that |z(t)] <
Yeorr (To 10— 7.001) + Vieor (][t ,¢) for all & € [to,t, + KT].
Since 3¢(a+b,7) < 3%(2a,r)+3°(2b,0) for alla, b, r > 0,
we can satisfy the ISS requirements with [(s,r) :=
B (29k,7(s),7) and y(r) := 7°(r) + B° (29x,+(r), 0).

A.2 The case of equal delays

When 71 = 7 = ... = 7,, we can relax Assumption
H to the following, which we call Assumption H': The
function u, € C'. Also, there exist a o € Koo for which
a(r) <7 forallr > 0, a C* uniformly proper and positive
definite V : R™ x [0, 00) — [0, 00), and constants K1 > 0
and K; > 0 (i = 2,3,4) such that for allz € R", g € R",
[ >0, andt > 0: (HZ’) Vi(x,t) + Vo(x, t)[f(x,t) +
gz, tyuy(e,t)] < —o*(|a)); (HZ) Ve, t)g(z,1)| <

Kio(al): (H3) 10u,/00(z,0f (2.0 < Kao(ja]
and |Ous/0z(x,t)g(z,1)|? §K23( o(lz|) + 1); and (H{')
[|0us/0x(x, )g(w, )] |us(q, DI]* < Kalo?(2]) + o*(Ja])].

Notice the use of both ! and ¢ in Assumptions (H3')-
(H4"). Example 11 above satisfies H but violates As-
sumption H4. We now use the delay bound

1
7= : (A.3)
AK\\3R; + 3K, 1 1

but see Remark A.4 for results with larger bounds.




Lemma A.3 Under Assumptions A and H with 7 :=
TM=To=...=1T, € (0,7] constant, the delayed system
(2) in closed loop with the feedback w = us admits the
ISS-LKF

Uleet) = V(a(t),t) + = [, (I o))t dr
and therefore is ISS.

Let us prove Lemma A.3. Our dynamics have globally
well defined solutions, by Lemma A.1. By adding and
subtracting V,g(z(t), t)us(z(t), t), (H1') gives

V < —o(lz()])* + [Vag(a(t), )] |d(t)]
+[Vag( (@), )] lus(2(t = 7)) — us(x(2), 1))

us(
along any trajectory z(t) := x(t;t,, o, d, ) of the dy-
namics, where we omltted the argument (x(t),t) of V.
From (H2 ) and wz < 2w? + 2% with w = o(|z|),

V < —o(lz(t)])* + Kio(|z(t)])|d(1)]
+K1U(|x( Wlus(@(t = 7),t) — us(2(t),1)]
< ~Lo2(e(t)) + K3ld(0)? .
+K1|us( (t = 7),t) —us(z(t), 1)
By the Fundamental Theorem of Calculus applied to
[t —7,t] 31— us(z(l),t) and Jensen’s inequality,
Jus(z(t — 7),1) —us(@(t),1)|* <
7 [L Ti(x(l), (1 - 7),d(1), 1)dl, where

Ty(a,b,d, 1) = (2 (a, 1) {f(a, 1)+ g(a, 1) (us(b,1) +d)}]
By the Cauchy Inequality, we get

Ty(a,b,d, 1) < 3[ (a, ) f(a, 1)
u u 2
+ |9 (@, 09(a. 1) [us (0, DI+ | 3 (@, g a, D) ]

From (H3')-(H4') and the relation wz < w? + 22/4, we
get Ty(x(l), x(l —7),d(1),1) < 3KZ|d(1)|* + 3K3|d(1)|? +
(3K2+ 3K, +1)o(|z(1)])? +3Ks0(|z(l —7)|)?, where we
took z = 3K3|d(1)|?. Hence, when t > t, + 27,
lus(2(t — 7),t) — us(@(t), 1)
<7 [l (8K + 3Ky + 1)o(|(l)])?
+3Ky0(|z(l —7)])%] dl
+r [, [BKZ|(1)]* + 3K3|d(1)[?] dI
t—7 3 3
< T(3Ky + 3Ky + 1) [, o(lz(1)])2dl
+37Ks [} [Ksld(1)|* + |d(1)[?] d.
Substituting (A.6) into (A.4), and arguing analogously
to the proof of (8 ) we deduce that when t > t, + 27,

Dhdl = jo(|z))?
+TKf(3K2+3K4+1 fHT (1)\)2011 + ay(|dlgs, 4)
< -1 (|x( )\)2 + (-5 + fK%(sKQ + 3Ky +1))

x [y o(lz())?dl+ as(|d]j, )

along all of the trajectories of (2), where ay(r) =
372 K2K3(K3+1)(r*+1r2)+ K?r2. The rest of the proof
is essentially the same as in the proof of Theorem 3.

(A.5)

(A.6)

U < £70%(|z(t) ft 9, O

Remark A.4 Our bound (A.3) can sometimes be raised
to an arbitrarily large positive constant. To show why,
first note that if Assumption H holds withV; = 0 and f =
0, and ifn € (0,1) is any fized constant, then Assumption
H’ also holds withug, o, K1, and K4 replaced byu?, n*/?o

Ki/n'?, and 1K, respectwely, and Ko = 0, wzth the
feedback v (z,t) := nug(x,t). Next, note that applying
wz < Kyw? + 22 /(4Ky) with z = 3K3|d(1)|? and arguing
in almost the same way as in the proof of Lemma A.3
gives Ty(z (1), x(l —7),d(1),1) < (3K2+4K,)o?(|z(1)]) +
3Ky (Jx(t—7)|) +3K3|d(1)[* ) Ky +3K5|d(1)|*. A slight
variant of the rest of the proof of Lemma A.3 then gives
ISS of (2) for all0 < 7 < 7. := 1/{4K1V/3Ky + 4K,}.

Combining the preceding observations (with Ko = 0),
we conclude that if (2) satisfies H with V; =0, f =0,
and equal delays, then u = ull := nus renders the system
() = g(z(t), t)[u(x(t — 7),t) + d(t)] ISS as long as
1 1
0 <7< = = T

- njf}2\/4773K4 8nK1v Ky

Since 7, — +o00 as n — 0, we get ISS with arbitrarily
large delay bounds T = T,, if us is properly selected.

Moreover, we can find explzczt ISS-LKFs for all T > 0.
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