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1 Introduction

Linear systems with delays in the input have been extensively studied in the last decades [4],
[1]. In particular, the stabilization of chains of integrators with delayed control has been a
challenging case study for researchers in this field, because of robustness problems with respect
to the delay values [6]. Control strategies that involve distributed delay control laws based on
the ideas of the Smith predictor, [8], [2] give good theoretical solutions but present in some
cases realization problems [15], [9]. Moreover, the control laws obtained that way are not
bounded in norm. On the other hand, simple proportional or proportional-integral controllers
are sensitive with respect to the delay bounds if an integrator belongs to the loop (see, for
instance, [6] and the references therein).

In conclusion, it follows that some natural questions arise: is it possible to construct feed-
backs bounded in norm which globally uniformly asymptotically stabilize chains of integrators
with delay in the input 7 How robust is the closed-loop in terms of delays ? The study of these
problems is motivated by the fact that, first, it is appealing from a practical point of view
to have at our disposal bounded feedbacks and, second, computational or propagation delays
in the input are frequently encountered in practice. Furthermore, in some cases (oscillating
systems), delays can be induced in a system in order to guarantee closed-loop stability.

Before 1992, the determination of explicit expressions of globally asymptotically stabilizing
feedbacks for chains of integrators of dimension strictly larger than two without delay was an
open problem. A. Teel in [11, 12] has solved it by exhibiting a simple family of stabilizing

feedbacks for these systems. This pioneer result has been very fruitful. First, it allowed to



solve theoretical issues (see [13, 10]) and more applied problems (see [14]) and, second, it is
at the origin of a new control design methodology called forwarding (see for example [5, 3]).

Since the forwarding approach yields bounded feedbacks for feedforward systems and in
particular for chains of integrators when no delay is present, it is natural to investigate whether
this technique can be extended to the case where there is a delay in the input.

This is the purpose of the present paper. More precisely, we solve the problem of stabilizing
a chain of integrators of arbitrary length with a delay in the input of arbitrary size using
feedbacks arbitrarily small in norm.

Although we conjecture that both the approaches of [5] and [3] can be adapted to the
problem we consider, we have chosen to exploit the results in [11, 12]. It turns out that the
technique of proof of these works leads to a reasonably simple analysis.

The strategy of proof consists in showing that we can select in a family of feedbacks
very close to the one proposed in [11] some elements which globally uniformly asymptotically
stabilize the n-dimensional chain of integrators.

The system under consideration is introduced in Section 1 and some key results are pre-
sented in Section 2. The main result is stated and proved in Section 3. A third order example

is proposed in Section 4. Some concluding remarks in Section 5 end the paper.



1.1 The system and the control law

We consider the chain of integrators of dimension n with delay 7 in the input. This system is

described by the equations

where y; € R, u € R is the input and 7 > 0 is the delay.

The bounded feedback control considered in this paper has the general form

U(t - 7-) = US(yl(t - T)7y2(t - 7-)’ s ayn(t - 7-))
and extensively uses, in a manner that will be explained later, the following class of saturations:

Definition 1 Let M be a strictly positive constant. We call M-saturation the function o :
R — R defined by
a- o(s) = s when |s| < M

b- o(s) = M when s > M, o(s) = —M when s < —M

Throughout the paper, the time argument of the function is dropped, whenever no confu-

sion can arise from the context. We denote respectively £(t),£(t — 7) and [£(t — 7) — £(t)] by
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2 Preliminary results

In this section, we give a time rescaling homogeneous transformation and a linear transfor-
mation of the chain of integrators which simplify the analysis of the problem we address in

Section 3.

2.1 Homogeneous property

A key homogeneous property of the system (1), (2) is summarized in the following technical

lemma:

Lemma 1 Assume that there exists a feedback bounded in norm by a constant B > 0,
Uge (W1, Wa, ...y W)

which globally uniformly asymptotically stabilizes the system

wl(t):wl+1(t),z:1, ,n—l s (3)

U () = u(t — 0) , (4)

where 0 is a constant delay. Then, for all real number k > 0, the control law bounded in norm

by k"B

—n—+1
Lk

Usy(V1, V2, ooy V) = k" ugy(v1, . . Un)



globally uniformly asymptotically stabilizes the n-dimensional chain of integrators with % as

delay in the input:

Remark 1 Roughly speaking, Lemma 1 points out the fact that if one can stabilize a chain of
integrators by bounded feedback when the delay in the input is small, then one can also stabilize
by bounded feedback the same chain of integrators when there is an arbitrarily large delay in

the input.

Proof. Let ugy,(w;,ws,...,w,) be a feedback bounded in norm by B > 0, which globally
uniformly asymptotically stabilizes the system (3), (4). The time rescaling t = ks and the

new variables
vi(s) = k" twi(ks) , i=1,...,n,
transform the system (1), (2) into

'UZ(S) = k:’wz(k:s) = k:iwi+1(l<:s) = ’Ui_|_1(S),’i = 1, oo — 1 s

On(s) = k™Mb, (ks)
= Klugw(wi(ks —0),... ,w,(ks —0))

= kugwp(vi(s—2),... k(s — 2)) .



Denoting
Usy(V1, ...y vn) = K ug, (v1, . .. ,k:‘”“vn)

the previous system becomes

0;(s) = vip1(s),i=1,... ,n—1,
in(s) = uson(s = 1) vnls — 1)

which is a globally uniformly asymptotically stable system. W

Remark 2 Time rescaling and its advantages in analyzing nonlinear delay systems are known
in the literature. To the authors best knowledge this technique was not used so far for control-

ling delay systems.

2.2 A specific linear transformation

In order to facilitate the analysis of the stabilizability properties by bounded feedback of the
chain of integrators, a linear transformation, x = Ty, is carried out in [11]. We recall briefly

this result that we will use in the next section.

Proposition 2 [11] There exists a linear change of coordinates characterized by

!
Tn—i = Z —!yn—j = hn-i(y) , (5)

21— )

whose inverse transformation is



which transforms the system (1), (2) into

n

Bi(t) = Y xt)fut—7)i=1...,n—1, (6)

j=it1

i, (1) =u(t—7) . (7)

3 Main result

3.1 Technical lemma

We now give a preliminary lemma that is crucial in establishing the main results.
Lemma 3 Consider the system

& =% —0y(Z+ 0a(M(t))) (8)

2= 1(z2 (1), (9)

where o4(-) and oy(+) are respectively M, and My-saturations, f(-) is a continuous function
and M\ (t), \2(t) are any continuous functions of t. Assume that, for all continuous function

Xo(t), the solutions of the z-subsystem are defined for all t > 0 and that

Al. The inequality %Mb > M, 1is satisfied.
A2. For all constant H > 0, there exists a positive constant fH such that, for all continuous

function Ay(t), the inequality sup |Flev, B, 2(t))| < fu is satisfied.
{lel<HI,|B|<H0<t}



A3. There exist T, > 0 and a constant B. > 0 so that for all continuous function \y(t) and

for all t > T, the inequality |z(t)| < B. is satisfied.

Then for any continuous initial condition defined on |—7,0], the solution is defined for all

t>0andift € [O,min {%, %}] then there exists Ty, > 1. such that

1 1
2] < §Mb> 1z < gMb , VE> T . (10)

Remark 3 The property (10) and A1 ensure that any solution eventually enters the domain

where the saturation function oy(-) operates in its linear region.

Proof. The fact that all the solutions are defined for all ¢ > 0 is obvious. Indeed, any
solution can be continued “step-by-step” from one delay interval to the next, as the solution
of a standard ordinary differential equation. Next, let us prove that when ¢ is sufficiently large,
|Z| is smaller than a function of 7 which converges to zero when 7 converges to zero.
According to A3, for all t > T. + 7, |2(¢t)| < B, and |2(t — 7)| < B.. So, according to A2

we have
2l < fpo,Vt>T.+7.

It straightforwardly follows that

2] == |2(t) —z(t—7)| < 7fp, , Vt>To47. (11)
On the other hand,
|Z| = |z(t—7)—2@)| <7 s[up }(‘Z(SH + M) . (12)
se(t—T,t



Combining (11), (12), we deduce
@ < Tlrf + M), Yt >T.+27 .

The next step consists in analyzing the evolution of the variable z(t) with the help of the

Lyapunov function V(z) = 122. Its derivative along the trajectories of (8) satisfies

Vo= aff—oyet i+ ou(n()]

< 7fg.

x| —zop(z+ T+ o(M(2))), VE> T+ 27 .

We know from (12) and condition b of Definition 1 that, for all ¢ > T, + 27,
o+ 7+ 0a(M)] = [a] = |7] = |oaM D)) = [a] = 7(rfp, +Mp) = Ma . (13)

When 7 € [O,min{& lH then

8fp. 9

A 1
T(TfBC + Mb) S gMb . (14)
When the condition (14) is satisfied, then, for all ¢ > T, + 27,
- 1
[+ +oa(M®))] = 2] =M (15)
It follows that when |z(t)| > $M, with ¢ > T, + 2,

. . 1 ; 1
Vo< 1fp e = lzloy(;My) = (7fp. — 7 Mb)la] - (16)

When 7 € [O,min {%, é}] then TfBC < %Mb. So when |z(t)| > %Mb with t > T, + 27, the

inequalities

1
—— M} (17)

V < —=Mz|] < =

10



are satisfied. It follows from this reasoning that there exists 7, > T. + 27 such that for all
t > T, |(t)] < $M,. Moreover, according to (14), for all ¢ > T}, |Z| < £M,. This concludes

the proof. B

3.2 Stability for small delays

We are now ready to state a first stabilizability result for the system (6), (7).

Theorem 4 The bounded control law

Use(t —7) = —op(@n(t = 7) + o1 (Zpa(t —7) + ...+ o2(x2(t = 7) + o1(x1(t —7)))...)) ,
(18)
where each o;(-) is a M;-saturation and M; < %Mi+1,i =1,...,n — 1, globally uniformly

asymptotically stabilizes the system (6), (7) for delays T sufficiently small.

Remark 4 The functions (18) are continuous but not continuously differentiable. We have
chosen to utilize the functions o;(-) because they lead to a simple analysis. However, one can

prove a similar result with smooth saturations.

The proof of Theorem 4 follows from the two results stated below. Lemma 5 says that all
the solutions of the closed-loop system are bounded and eventually enter in the domain where
all the saturations operate linearly. Lemma 6 establishes the asymptotic stability of the linear

approximation of the closed-loop system.

11



Lemma 5 Consider the bounded control law

Use(t —7) = —on(Tn(t = 7) + op_1 (@1 (t = 7) + ... Fo2(22(t — 7) + o1 (21(t — 7)))...))
(19)
where the M;-saturations o;(-) are such that M; < %MHl,i =1,...,n—1 and 7 1s such that

0< <7, with

M,
8 (nM1 ., M;)

Consider any trajectory x(t) of the system (6), (7) in closed-loop with the control (19). Then

1
Tn = min '3 ( (20)

there exists Ty > 0 such that when t > Ty, then x(t — 7) is in the domain where the M;-
saturations operate in their linear region: for all t > T, the trajectory is solution of the linear

equations

i’i = izj—ilxj,izl,...,n. (21)
j=

j=i+1

Proof. Observe that the system (6), (7) in closed-loop with the control (18) is described by

.I.‘i: Z Q?j—O'n<l‘n—|—j?n+0'n,1(f‘n,1+...—|—O'2(.7_12+0'1<.7_11))...)).,’i:1,... ,Tl—l y
Jj=i+1

(22)

Ty =—0,0(Ty + T+ 0n1(Tpna1+ ... +02(Ta+01(T1))...)) . (23)

Observe that the solutions of the closed-loop system are defined for all £ > 0. Next, we prove

the result by induction.

12



Induction hypothesis. There exists Tj,; > 0 such that for all ¢ > T}, the inequalities

|lz;] < %21, 1Z;] < A—g[i,j =k+1,...,n are satisfied.

Step 1. We analyze the evolution of z,(t). Using arguments invoked to prove Lemma 3, one
can easily demonstrate that, provided that 7 < %, there exists T,, > 0 so that, for all t > T,
then |z,| < %Mn, |Z,| < %Mn. So when t > T,, the saturation o,(:) operates in its linear
region. More precisely, when ¢ > T,, the system is described by
n—1
i =dn+ Y 25— On (a4 ..+ o2(T2+01(31))...) i=1,...,n—1,
j=i+1

Ty = —Tp — Op1(Tn1 + ...+ 0o(To +01(71))...) .

The induction hypothesis is satisfied.
Step n — k. Assume now that the induction hypothesis is satisfied at the step n — k. Then
the solution has reached the domain where the saturations o;(-),j = k+ 1,... ,n are linear.

Therefore, for all t > T} 1, we have

k n
.I.‘l: Z Z‘j‘i‘ Z j?j—O'k((fk‘i‘...—|—O'2(.7_12+0'1<.7_11))...), lzl, ,k—l,
j=l+1 j=k+1
j?k:—Z.%j—O'k((.f‘k—|—...—|—0'2(.f‘2—|—0'1(.’f}1))...),

j=k+1

i‘i:— Z .’ITIj— Z .%j—O'k((.f‘k—|—...—|—O'2(.’ITI2+O'1(.’I§1))...),i:k+1,...,n—1,

j=k+1 j=it1
jjn:—Z(Ej—O‘k((f‘k—F...+O'2(.f‘2+0-1<-7§1))”’)‘
=kt

13



To apply Lemma 3, define

Observe that the xp-subsystem rewrites
jﬁ'k = 2—Uk((fi'k+...—I—Ug(i’z—}—gl(f’l))...) .

The induction hypothesis ensures that the solution of the z-system is, for all t > T4, in a

R R " M.
compact set and that |2(¢)| < fi for all £ > Tyy with fr = nMj + Z 7] > (0. Therefore,
Jj=k+1
Lemma 3 applies: when

. Mk 1
, min M\ 9
ke{l,..,n-1} | g <an + Z?:k-f—l 4) !

=
2

there exists T > Tyy1 such that, for all t > Ty, |zg| < %, |z < %, which implies that

the domain where o (-) is linear is reached. The induction hypothesis is satisfied at the step

n—k+1.
Final step. First observe that using the inequalities M; < %Miﬂ, t=1,...,n— 1 one can
. ) M;, 1 ) M, 1
easily prove that Lo min AR G AN
“lhoon | 8 (Mg + 0y, ) 8 (nd + 7, )

Next, observe that there exists 77 > 0 such that when 0 < 7 < 7,, with 7,, given in (20) then
for all ¢ > Ti, the M;-saturations operate in their linear region: for all ¢ > T} the trajectory
satisfies the equations (21). W

The delay-dependent stability analysis of the linear system (21) follows. The details of the

proof are given in Appendix A.

14



Lemma 6 The characteristic quasipolynomial of the system
Zifi = Z ZL’j—Zi’j,izl,...,n (24)
j=i+1 J=1

18
Pu(s,e™) = (s+ )"+ (e =D[(s+1)" —s"] . (25)
Moreover, this quasipolynomial is stable for all T € [0, 7] with
T, = — . (26)

Remark 5 The value 77, is a lower bound for the mazximal allowed delay 75 for which the
system (24) is stable. To determine the exact bound, one has to find the solutions of a polyno-
mial equation of degree 2n which characterizes the existence of at least one (non-zero) root of
the corresponding characteristic equation on the imaginary axis. Whenn = 1,2, such a study

can be carried out and leads to the exact bounds 7¢ = = and 7§ = ——— arctan(2v/2 + v/5).

2 TSR
Moreover one can prove that in each case, the corresponding linear system is stable for any

delay T € [0,7¢),n = 1,2 and unstable for all T > 7¢. For n greater than 3 the computations

are quite involved.

The above lemmas allow us to establish Theorem 4 in a straightforward manner.
Proof. (Theorem 4)

According to Lemma 5, for any trajectory of the system (6), (7) in closed-loop with the
control (19) there exists an instant 77 > 0 such that when 0 < 7 < 7, with 7, given by (20)
then for all t > T, the trajectory is within the region of the space where all the M;-saturations

15



operate in their linear region, which implies that, on [T}, +oc[, the trajectory is solution of
the linear system (24).

As stated in Lemma 6, the system (24) is asymptotically stable for all 7 € [0, 7%) where 7% >
0 is given by (26). We conclude that the control law (18) globally uniformly asymptotically

stabilizes system (6), (7) for all 7 € [0,7) with 7 = min{7},7,}. B

3.3 Stability for arbitrarily large delays

Theorem 4 can be applied to the system (6), (7) when the delay is sufficiently small. It
follows almost straightforwardly from this theorem, Proposition 2 and Lemma 1 that the
chain of integrators (1), (2) with an arbitrarily large delay can also be globally uniformly
asymptotically stabilized by bounded feedback. It turns out that one can prove the following

stronger result:

Corollary 7 For all ™ > 0, the system (1), (2) is globally uniformly asymptotically stabilizable

by arbitrarily small feedbacks.

Proof. The result is well-known when 7 = 0. Consider the system (1), (2) with delay in the
input 7 > 0. According to Theorem 4 and Proposition 2, there exists a control (18) bounded
in norm by M, where the M;-saturations o;(-) are such that M; < %Miﬂ,i =1,...,n—1

that stabilizes the system



when 0 < 7 < min{7%,7,}. A possible choice for the constants M; is M; = 8 1M, for all
i > 1. Such a choice results in the following requirement on 7:

1 1
0<7 < min{— ! } | (27)

309 8n + 4.8" — 32
Observe that the right hand side of this inequality is independent from M;. This fact will be
exploited to prove that some feedbacks arbitrarily small in norm are stabilizing.

The expression of stabilizing feedbacks is, according to Proposition 2,

usw(t —7) = —op(hp(wt — 7))+ on_1(hn1(w(t — 7)) + ... + oa(he(w(t — 7)) + o1 (b (w(t — 7))) ...

where h;(w(t —7)),i = 1,...,n are defined in Proposition 2.
Finally, it follows from Lemma 1 that the system (1), (2) with delay in the input 7 is

stabilized by the control law

wt=7) = = (2) aulho@ 4 owsloa@) 4+ a5 + (@) (28)

where

%

'l' S —n+j+1
n—ilYy) = - | — it =0,...,n—1.
et =Yg () i

J=0

Let € be a strictly positive number. Since no restriction is imposed on M;, and in particular

there is no relation between M;, 7 and 7, a possible choice for M; is

7_7’L

{n—1 (min {#; %7 Wgn—sz}

The feedback (28) is bounded in norm by 8"! (T)n M;. According to (27) and (29), it follows

T

Mlz

=€ . 29
) (29)

that this feedback is bounded by €. So, the largest value of the norm of the feedback (28) can

be chosen arbitrarily small. B

17



Remark 6 An important consequence of the above corollary is that a design robust with re-
spect to delay uncertainties can be achieved. Indeed, the design of the controller based on a

conservative upper bound of the time delay will ensure stability for smaller delays.

4 Third-order example

To validate the control law designs we have proposed, we study by means of simulations the
behavior of the trajectories of the three dimensional chain of integrators in closed-loop with
the feedbacks deduced from Theorem 4 and Corollary 7.

Numerical computations provide an approximation of 7§, the largest possible delay such
that the linear system (24) when n = 3 is asymptotically stable: the value obtained is 7§ =
0.405. Furthermore, for all delays 7 > 7§ the system is unstable.

First, we focus our attention on the case of a small delay. It turns out that the bound 7§
seems to be crucial in practice: indeed, although the bound 7 given in the proof of Theorem 4
is much smaller, according to simulations, the stabilization scheme works properly as soon as

the delay 7 is smaller than 75. We illustrate this fact in Figure 1 with 7 = 0.2 and M; = 0.2.

18



Triple integrator state variables

Figure 1: Forwarding scheme for 7 = 0.2s

As expected, if the delay is greater than the bound 7§, the closed-loop system is not
asymptotically stable. In fact, this system is not even locally asymptotically stable because
the stability of the linear system which approximates it at the origin is not asymptotically
stable. We illustrate this phenomenon in Figure 2 when 7 = 0.6, with the same choice for the

saturations.

Triple integrator state variables

Figure 2: Forwarding scheme for 7 =0.6s

19



Next, we consider the case of a large delay: we choose 7 = 1.0. We observe on Figure 3
that in this case the control law (28) (which is obtained via the homogeneous transformation
of Lemma 1) globally uniformly asymptotically stabilizes the system. In this case the choices
M; = 20 and % = 0.2 were made. Notice that the factor (;)n in the expression of the
stabilizing control laws (28) allows to choose larger values for M; resulting in a control law

bounded by 82M; (Z)°.

Triple integrator state variables

0 10 20 30 40 a0 B0
Time (5)

Figure 3: Forwarding scheme with homogeneous transformation, 7 = 1s

Finally, the tuning of the parameters shows the trade-off between response and saturation

level which is inherent to the nature of these control laws.

5 Concluding remarks

We have restricted our attention to the problem of stabilizing by bounded feedback a chain

of integrators of dimension n with an arbitrary delay in the input. We conjecture that the

20



main result of our work can be extended to larger classes of systems and in particular to
linear null-controllable systems and the family of nonlinear systems termed strict feedforward

systems.

Acknowledgement. The authors thanks the referees for their accurate comments which have

been of great help for finalizing the work.

A Appendix: proof of Lemma 6

Proof. To simplify, we denote z := e~ "®. The characteristic quasipolynomial of the system

(24) is
s+z z—1 z—1 -+ o  z-—1
z s+z z—1 -+ -+ z-=1
z z z—1
pn(s,z) = det
s+z z—1
z Z Z z S+ z

Lengthy but simple calculations lead to

pn(s,2) =(s+1)"+(z=1)[(s+1)" —s"] .

A D-partition analysis (see [7]) is performed to study the stability of this quasipolynomial. It
is based on the fact that the quasipolynomial (25) is stable when 7 = 0 and that the location

21



of the roots changes continuously with respect to 7. Therefore, as 7 grows the system becomes
unstable only when a root, or a pair of roots hit for the first time the imaginary axis. It follows
that to determine the interval [0, 7¢) such that the system (24) is asymptotically stable when

7 belongs to this interval, we need to find 7¢, the smallest value of 7 for which the equation
Pu(jw, e 7)) = 0 (30)

admits a solution w € R. To overcome the difficult problem of finding for any n explicit
expressions of 77, we will simply exhibit a sequence of real numbers 7, > 0 such that for all
T € [0, 77%], the equation (30) admits no solution w. Obviously, 7} < 7¢.

Notice first that (30) implies
e (jw + )" — (e — 1) (jw)™ = 0.
This equality is not satisfied when w = 0. When w # 0, it is equivalent to the equality
T =1—(1—jw )" . (31)

We distinguish now between two cases.
First case: |w| > 3n.

>From (31) we deduce that

1-(1—jwu™)"| =1. (32)

22



On the other hand,

n

! -
1= =g < |3 e ()

“~ p(n—p)
< zn: n! 1 (33)
i pl(n —p)! (3n)P
"1 1
< —_— < -,
- ;?ﬂ’p! - 2

It follows that (32) does not admit any solution w such that |w| > 3n, which implies that (31)
does not admit any solution w such that |w| > 3n.
Second case: 0 < |w| < 3n.

>From (31) we deduce that
: . )
1—e| = |(1—jw™)"| = (1+—> > 1. (34)
On the other hand, one can check readily that

" (5)
sin | —wT
2

11— eT| = V2

Combining (34) and (35), the inequality
wr| > V2 (36)
is obtained. When 7 € [0, 7], this inequality and |w| < 3n imply that
37y > V2. (37)

According to the definition of 77 defined in (26), this inequality is not satisfied. It follows
that (32) does not admit any solution w such that |w| < 3n, which implies that (31) does not
admit any solution w such that |w| < 3n. This concludes the proof. B
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